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this title, but we won't do that.

See previous QIP tutorials by Aram Harrow (2016) and Patrick
Hayden (2011), and the textbooks on the next slide.

e Tutorial aimed at students who have been less exposed to entropies
(so far).

e Big amount of material - plenty of exercises to help digest it.
e Completely incomplete list of references, not necessarily to the original

works - see the textbooks on the next slide for more detailed
references.
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e Problem: How to quantify the information gained by learning the
outcome of a random event?

x € X happens with probability P(x)

e Define the surprisal of the outcome z as f(P(x)), where

f:[0,1] — R, is monotone decreasing, f(1) = 0.

Average surprisal:  >°_ . P(z) f(P(x)).

Dual interpretation: uncertainty about the outcome before it happens.

e Shannon: f:= —log
Z P(z)log P(x Shannon entropy of P.
TEX

e Why should we prefer this choice over others?
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e Assume we want to efficiently store the outcomes of many
independent events with the same probability distribution P.

fa: X" = {0,1}* encoding gn : {0,1}" — X" decoding
e block coding, we allow a small error probability € in the recovery

o Theorem 1. ([CsK, Theorem 1.1]) Ve € (0,1)

lim ~min {kn : P ({2 € X"+ gu(fulz)) £ 2}) <} = H(P).

n—4+oo N

Shannon'’s fixed-length source coding theorem
e Operational interpretation of the Shannon entropy

minimum number of bits needed to achieve ¢ error: operational
quantity

H(P): entropic quantity, or information measure
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General picture

e Information theoretic problems have an operational side and an
entropic side, and coding theorems connect the two, giving an
operational justification to use the entropic quantities as information
measures.

e Are there operationally relevant measures of information, other than
the Shannon entropy? Yes.

e Source coding with side information: H(A|B)p = H(Pap) — H(Pp)
conditional entropy.

Channel coding: supp{H(Pa) + H(Pg) — H(PaB)}
mutual information.

e Error exponents: Rényi entropies.

e Aim of this talk: give an introduction to the most relevant ones
in the quantum case.



Plan

e First part: Derive information measures from distance-like quantities
on quantum states (divergences).

Explore general properties and a few simple examples.



Plan

e First part: Derive information measures from distance-like quantities
on quantum states (divergences).

Explore general properties and a few simple examples.

e Second part: Focus on Rényi information measures and applications.
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¢ Notations:
B(H): linear operators on H

B(H)sa: self-adjoint linear operators on H

o)

(H)
(H)4+: non-zero positive semidefinite (PSD) linear operators on ‘H
(H)

S(H): density operators (=states) on H
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e Most general definition of a quantum divergence:
A: B(H)+ x B(H)+ = R:=RU{+o0}

defined on every finite-dimensional Hilbert space H.

e Examples:

A(ollo) :==1|lo—o]|; trace norm distance

A(pllo) := F(o|o) == H\/EﬁHl =Tr/\/oo\/o fidelity
A(ollo) := Dj j5(0l|o) := —2log F(el|o) + 21og Tr o

sandwiched 1/2-Rényi divergence
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General quantum divergences

e Most general definition of a quantum divergence:
A: B(H)+ x B(H)+ = R:=RU{+o0}

defined on every finite-dimensional Hilbert space H.

® Definition 2. ([Renner05, Datta09])
Max-relative entropy of o w.r.t. o,

or sandwiched Rényi divergence with parameter oc:

1 —1/2, _—1/2 0 < 40
D% (ol|o) == loginf{A > 0: o < Ao} = { og o200 2|, & <0
+o0, 0.W.

e Convention:
0<o=X0 rile)(eil = o =3, ~ortlee], teR
o t=3Y. r>0(1/mi)|ei)(ei|  generalized inverse

0" = lim, 0 0® projection onto supp g := span{e; : r; > 0}.



General quantum divergences

e Most general definition of a quantum divergence:
A: B(H)+ x B(H)+ = R:=RU{+o0}

defined on every finite-dimensional Hilbert space H.



General quantum divergences

e Most general definition of a quantum divergence:
A: B(H)+ x B(H)+ = R:=RU{+o0}

defined on every finite-dimensional Hilbert space H.
® Definition 3. ([Umegaki62])

Umegaki's) relative entropy of o w.r.t. o:
g

1 Tro(loge —logo), o <a?,

Dy (ollo) == {+

0, 0.W.

(log defined only on the support)
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Definition 4. A quantum divergence A is
e positive, if A(g|lo) >0 Vo,0 € S(H), and A(plo) =0,
and strictly positive, if, moreover, A(g|lc) =0 = p = 0;
e additive, if A(0®"]|c®") =nA(gllo), VYo,0 € B(H)r, n€N;
e stable, if A(p®@wl|loc ®@w) = A(ollo), Vo,0 € B(H)+, w e B(K)4;
e monotone, if

A(E(o)lE(0)) < Alello), V¥ 0,0 € B(H)y, & CPTP,

e and A satisfies the logarithmic scaling property if
A(Xollno) = A(ello) +log A —logn,  Vo,0 € B(H)+, A,n> 0.

Exercise 5. DT/Q,

even under PTP maps.

Dy, and D} satisfy all the above, and they are monotone

Solution: Easy, except for the monotonicity of DI/Q (INC, Section 9]), and
positivity and monotonicity of Dy (later).



General quantum divergences

Definition 4. A quantum divergence A is
e positive, if A(pllc) >0 Vo,0 € S(H), and A(p|lg) =0,

and strictly positive, if, moreover, A(g|lo) =0= p = 0;
additive, if A(0®"]|c®") =nA(o|lo), Vo,0 € B(H)+, n €N;
stable, if Ao ®@wl|lo @ w) = A(pllo), Yo,0 € B(H)+, w e B(K)4;

).
).

monotone, if
A(E()IE(0)) < Alello), YV 0,0 € B(H)y, & CPTP,
e and A satisfies the logarithmic scaling property if
A(Xo|lno) = A(ol|o) + log A — logn, Vo,0 € B(H)+, A\,n > 0.
Exercise 6. Monotonicity implies stability and isometric invariance:

A(VoV*||VaV*) = A(g|lo), Vo,0 € B(H)y+, V:H — K
isometry. Solution: Easy.
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Monotonicity and convexity

Definition 7. A quantum divergence A is jointly convex if

A (ZipiQiH Zipioi) > pileillo), Yo pi=1.

Theorem 8. (Uhlmann) If A is jointly convex and invariant under
isometries then it is monotone.

Proof:  Eap(.) =Trg V(.)V* Stinespring dilation,

dp—1
Tre(.) = - Z Ip @ Wi)()Ip @ Wiy)*
B k=0
dp—1 dp—1
Wi :=XZ!, X=>"la+1){a|, Z= Z i
a=0

discrete Weyl unitaries.
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Monotonicity and convexity

Definition 9. A quantum divergence A

e has the direct sum property if

A (Zz oil ZZ oi> = Zl A(oilloi), when o) Vol Liy; Q? \Y 0?.

e is homogeneous if A > 0.

A(Ao[[Ao) = AA(ollo), A >0.

Theorem 10. (Petz) If A is monotone and homogeneous, and has the
direct sum property, then it is jointly convex.

Proof:  Apply monotonicity to

o= plilen o= pliilea
3 3
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Notation: |A| :=dimH 4, w4 = ﬁIA

Definition 11.  A-entropy of a state p € S(H4):
HA(0) = Ha(A)y = — Algl|T4) = Tog |A| - A (g]|m4) .

e Measures how far the state is from the maximally mixed state in A
“distance’”.

e Interpretation: uncertainty about system A in state p.

e The first formula works also in infinite dimension.

Exercise 12. For the relative entropy A = D7 we get
H\(A)g:=Hp, (A) = —Trologo.
von Neumann entropy Also denoted by S(0) = S(A),.
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e The first formula works also in infinite dimension.
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Entropy

Let A be a positive divergence with logarithmic scaling.

Notation: |A| :=dimH 4, w4 = ﬁIA

Definition 11.  A-entropy of a state p € S(H4):
HA(0) = Ha(A)y = — Algl|T4) = Tog |A| - A (g]|m4) .

Measures how far the state is from the maximally mixed state in A
“distance’”.

The first formula works also in infinite dimension.

If A is positive then H(A), < log|A|, equality at p = 74.

If A is additive then so is Ha:
HA(AB)QA®QB = HA(A)QA + HA(B).QB‘

If A is monotone then Ha is monotone non-decreasing under unital
CPTP maps (e.g., rank 1 projective measurements).
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Monotonicity of entropy and majorization

Definition 12. A state o majorizes another state o (¢ > o), or o is more
mixed than p, if

YN0 <D A Vm,
k=1 k=1

where )\% > )\é > ... are the decreasingly ordered eigenvalues.

Exercise 13. [¥)(1)| = o = m for every g, i.e., pure states are the least
mixed states, and the maximally mixed state is the most.

Exercise 14. For two states g, o, the following are equivalent:

(). o=0

(ii). >=; piUioU} = o for some unitaries U; and prob. distr. (p;);.
(iii). £(o) = o for some unital CPTP map &

Solution:  Use the classical characterization of majorization for (i)==-(ii)
[Hiail0, Proposition 4.1.1].
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the same Hilbert space.

e To call H an entropy function, we require Schur concavity with the
normalization H (pure state) = 0,
H (maximally mixed state) = log dim(Hilbert space),
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Monotonicity of entropy and majorization

Corollary 15. A function H on quantum states is monotone non-decreasing
under unital CPTP maps if and only if it is monotone non-increasing
w.r.t. majorization (Schur concave).

In particular, it takes its smallest value on pure states and its largest value
on the maximally mixed state.

Exercise 16. Such a function takes the same value on every pure state on
the same Hilbert space.

e To call H an entropy function, we require Schur concavity with the
normalization H (pure state) = 0,
H (maximally mixed state) = log dim(Hilbert space),

plus additivity.
Exercise 17. If H is concave and unitarily invariant then it is Schur

concave.
Holds for Ha if A is unitarily invariant and convex in its first variable.
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= loglA[— inf A (0aB||ra®op).

e Measures how far the state is from a state where A and B are
independent, and A is in the maximally mixed state.

e Interpretation: uncertainty about system A given access to system B.

e Variant:
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Conditional entropy

Let A be a positive divergence with logarithmic scaling.

Definition 18.  Conditional A-entropy of a bi-partite state p = oap:

HA(A|B)g := — nf )A(QABHIA@UB)
o B
= log |A| — inf A TARop).
gl4l - it A(oanlma©on)

Exercise 19.
a). If |B| =1 then HA(A|B)Q = HA(A)Q.

b). If A is additive and positive then H (A|B)p 005 = Ha(A)o,-
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Conditional entropy

Let A be a positive divergence with logarithmic scaling.

Definition 18.  Conditional A-entropy of a bi-partite state p = oap:

HA(A|B)g = —UBEig(fHB) Aoaslla®op)
= log |A| - elg(f )A(QABH7TA®UB)-

Terminology: Hf/2(A|B)Q =H : (A|B), (conditional) max-entropy
1/2
HX (A|B), := Hp. (A|B), (conditional) min-entropy

No explicit formulas in general.
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Conditional entropy can be negative

Let A be a positive divergence with logarithmic scaling.

Definition 18.  Conditional A-entropy of a bi-partite state p = oap:

HA(A|B), == — UBEig(fHB) A(oaBllIa ® oB)

= log |A| — gBelg(fHB) A (oaB||Ta®op).

Exercise 20. For the relative entropy A = D; we get
H,(A|B), = Hp, (A|B), = Hp, (A|B), = Hy(AB), — H,(B),
conditional von Neumann entropy

It is negative on every pure entangled state.

Operational interpretation: Entanglement cost in state merging [HOWO5,
HOWO07].
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Concavity of conditional entropy

Let A be a positive divergence with logarithmic scaling.

Definition 18.  Conditional A-entropy of a bi-partite state p = oap:

HA(A|B)g := — UBEig(fHB) Aoapllla ® op)

= log |A| — aBelg(fHB) A (oaB||Ta®op).

Exercise 20. If f: Cy x Cy — R is jointly convex then y — inf, f(x,y) is
convex.

Exercise 21. If A is jointly convex then H,(.|.), is concave in p, i.e.,

HA(A’B)ZiPiQi = ZpiHA(A|B)Qi‘

Exercise 22. If A is jointly convex, additive and positive then the
conditional Ha is non-negative on separable states.

Negative conditional entropy is really a quantum phenomenon.
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Monotonicity of conditional entropy

Let A be a positive divergence with logarithmic scaling.

Definition 18.  Conditional A-entropy of a bi-partite state p = oap:

HA(A|B), = —JBeig(fHB) Aoap|lla ®op)

= log |A| — aBeig(fHB) A (oaB||ra®oB).

e If A is monotone then so is the conditional A-entropy:

E: A— A unital CPTP, F: B — B’ CPTP
HA(A|B')y > HA(A|B),, o =(E@F)o.
In particular, conditioning reduces uncertainty:

Hx(A), > HA(A|B), > Hx(A|BB'),



Superadditivity of conditional entropy

Let A be a positive divergence with logarithmic scaling.

Definition 18.  Conditional A-entropy of a bi-partite state p = oap:
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Superadditivity of conditional entropy

Let A be a positive divergence with logarithmic scaling.

Definition 18.  Conditional A-entropy of a bi-partite state p = oap:
HA(A|B),:=— inf A Iy ®0o
A(A[B), et (0aBllIa®oB)

= log |A| — aBelg(fHB) A (oaB||Ta®op).

e If A is additive then the conditional A-entropy is superadditive:

Hp(A1A2|B1B2) > Hp(A1]B1)gy, 5, + Ha(A2|B2)

0A1B;®0A5By QA5 By

e Additivity?
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Duality and additivity

Exercise 23. For any tripartite pure state papc,
Hl(A|B)Q = _HI(A’C)Q'

Definition 24. Two functiPns H and H on bi-partite states are dual to
each other, if H(oap)+ H(0ac) = 0 for any tri-partite pure state ospc.
Example 25. The conditional von Neumann entropy is self-dual.

Example 26. The conditional min- and max-entropies are dual to each
other. ([KRS09]). Special case of duality for conditional Rényi entropies
([Tomamichel]).

Exercise 27. If H and H are dual to each other, and both are
superadditive then both are additive.

Example 28. The conditional min- and max-entropies are additive.

Remark: Duality of conditional Ha and Hjz cannot be formulated on the
level of the divergences.
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Duality and entropy bounds

Exercise 29. If HA and Hy are dual, and both A and A monotone then
Hp(A)g 2 HA(A[B)g > —Hz (A),.

Only depends on the first subsystem.

Corollary 30. If A, A are positive then H (A),, Hy(A), < log|A], and

log |A| > HA(A|B), > —log|A]

independently of the state.

Application: Alicki-Fannes continuity bound on the conditional von
Neumann entropy, continuity of channel capacities. [LS09]
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Duality, monogamy, and uncertainty

Exercise 31. If H and H are dual and H or H is monotone under partial
trace over the second system then

H(oaB)+ H(0ac) >0

for any tri-partite state oapc.

Interpretation:  Monogamy of correlations.
E.g. A and B are highly entangled
= —H,(A|B), large = H,(A|C), large,
i.e., Ais close to decoupled from C.

Application:  General tri-partite uncertainty relations for dual conditional
entropies Ha and Hz [CCYZ12, CBTW17]:

HA(X|B) + Hz(Z|C) > const(X, Z),

where X, Z are two measurements on A with output spaces X, Z.
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Mutual information

Let A be a positive divergence with logarithmic scaling.

Definition 32. A-mutual information in a bi-partite state p4p5:

INA:B),:= inf A ®
A )o onaid (0aBlloa ® oB)
e Variants: IXT(A : B)Q = inf A(QABHO'A X QB)
cAES(HaA)
Iﬁ(A :B), = inf A(oaBlloa ® o)

O'AES(HA),O'BES(’HB)
IN(A:B), = Aloaslloa ® o)

Measures how far the state is from the set of uncorrelated states.

Exercise 33. For Umegaki's relative entropy these all coincide,
and are equal to

I(A: B).Q = IDl(A : B)g = Hl(A)g + Hl(B)g - Hl(AB).Q'

In general they are different.
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Mutual information

Let A be a positive divergence with logarithmic scaling.

Definition 32. A-mutual information in a bi-partite state p4p5:
Igi(A :B)o:= inf  A(paplloa ®op)
oB

€S(MgB)
e Variants: [Y'(A4:B) = inf A oA R
N )o . (0aBlloa ® oB)
Iﬁ(A :B), = inf A(oaBlloa ® op)

O'AES(HA),O'BES(’HB)
IN(A:B), = Aloaslloa ® o)

e Measures how far the state is from the set of uncorrelated states.

e It is not completely clear which one is the “right” definition.
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Conditional mutual information

e Von Neumann conditional mutual information:
I(A: B|C), = H(A|C),+ H{(B|C), — H{(AB|C),
= H,(A|C), — H,(A|[BC), 2 0

¢ Non-negativity <= strong subadditivity of entropy ([LR73])
H\(ABC), + H,(C), < H (AC), + H,(BC),

Equality <= papc is a short quantum Markov chain. [HJPW04]

Approximate equality <= p4pc approximate Markov chain. [FR15]
e Operational interpretation in quantum state redistribution. [YDQ9]

e Not clear how to generalize to divergences other than Umegaki's
relative entropy. [BSW15]
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Divergence radius and center

Let A be a positive divergence, ¥ C B(H)+.

Definition 33. A-radius of X:
RA(X) := inf supA(pl|lo
(%) o€S(H) pex (ell)

If o attains the infimum above, it is called a A-center for X.

e No explicit formula in general.
e Monotonicity if A is monotone: Ra(E(X)) < Ra(X).

e Additivity? No general method to establish.
Exercise 34. If ¥ C S(H) and A is a metric on S(H) then RA(X) is the

radius of the smallest ball that can be circumscribed around X, and its
center is a A-center.
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Weighted divergence radius

Let A be a positive divergence, X C B(H),
P € P¢(X) be a finitely supported probability disctribution on .

Definition 35. P—weighted A-radius of X:
Rap(X) = mf ZP A(pllo)

If o attains the infimum above, it is caIIed a P-weighted A-center for X.
e Monotone if A monotone, no explicit formula, additivity not obvious.

Exercise 36. If A = Dy and X C S(H) finite then .y, P(0)o is the
unique Dq-center, and

R p(E) = Rpp(B) = Hi (Y Plo)e) =Y Pl)Hi(o)

Holevo quantity

= L(A:B),, o= Y. Pl){d®e

o€supp P
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Divergence radii

Proposition 37. Ra p(X) < RA(X) for every P, and if A is convex and
lower semi-continuous in its second argument then

sup  Ra,p(S) = Ra(X).

PEPf(Z)
Proof:
RA(S) = inf supA(gl|lo = inf sup P(o) A(pl|o
(S) SouL Sup (ollo) “ES(H)PEPf(E)E; (o) Alello)
TR sup inf S Po) Alo]lo)

PeP;(x) 0€S(H) (=5

Application: Strong converse properties of the classical capacity of various
channel models ([KW09, WWY13, MO17]).



IV. Single-shot state discrimination

and min-entropy
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State discrimination: Multiple, single-shot, Bayesian

e Problem: Alice wants to send Bob one of M possible messages using
a quantum system.

She encodes message i € [M] := {1,..., M} into some state of the
quantum system, and sends it to Bob over a quantum channel; Bob
receives the system in state o;.

Bob performs a POVM {M; };¢(a) to decide which message was sent.

If Alice sends the i-th message with probability p; then the optimal
Bayesian success probability (guessing probability) is

P;({0i,pi}) := sup {sz TroiM; : {M;}icim POVM}

=1

e Single-shot state discrimination with multiple hypothesis and Bayesian
error criterion.



Classical case

M
P ({oi,pi}) = sup {Zpi Tr0iM; © {M;}ica POVM} :
=1



Classical case

M
P:({Qi7pi}> = Sup {sz Tr QiMi : {M’L}ze[M] POVM} .
i=1

Exercise 38.
Assume that all g; commute: o; = Yy 0i(x)|z)(z|. Show that

a). It is enough to consider measurement operators diagonal in the same
basis.

b). A measurement is optimal iff it is a maximum likelihood measurement:
M;(x) =0 when p;0;(x) < m(z) := maxe|p pioi(z).
o). Py({eispi}) = 2 pexr m(z) = Trmax;enn{pioi},

where the maximum is in the (diagonal) entry-wise sense.

Solution: Easy; see, e.g., [AM14, Appendix BJ.
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Maximum and minimum of operators

e Reminder: A € B(H) is positive semi-definite (PSD) if
(Y, Ap) >0 VY € H Notation: A >0

e PSDorder: A>B if A—B>0.

e Fun fact: A finite set of self-adjoint operators does not have a
maximal or minimal element in the PSD order, except for very special
cases. Even if the operators commute!

. 1 0 20
Exercise 39. Let A = [O 2}, B = [O J. Show that

{XeB(H)w: X <A, X <B} and
{YeBH)w: ASY,B<Y}

do not admit a maximal (resp. minimal) element.

Solution: Easy; see, e.g., [AM14, Example A.1].
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Maximum and minimum of operators

e Reminder: A € B(H) is positive semi-definite (PSD) if
(Y, Ap) >0 VY € H Notation: A >0

e PSDorder: A>B if A—B>0.

e Fun fact: A finite set of self-adjoint operators does not have a
maximal or minimal element in the PSD order, except for very special
cases. Even if the operators commute!

e Theorem 40. ([AM14, Theorem A.3]) Let Aj, ..., Ay € B(H)sa.
Then there is a unique element with minimal trace in {Y € B(H)sa :
A, . Ay SY} Definition: maxTr{Al,...,AM}

Exercise 41. If all A; commute then maxp.{A;1,..., Ay} is the usual
entry-wise maximum.
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Maximum and minimum of operators

e Reminder: A € B(H) is positive semi-definite (PSD) if
(Y, Ap) >0 VY € H Notation: A >0

e PSDorder: A>B if A—B>0.

e Fun fact: A finite set of self-adjoint operators does not have a
maximal or minimal element in the PSD order, except for very special
cases. Even if the operators commute!

e Theorem 40. ([AM14, Theorem A.3]) Let Aj, ..., Ay € B(H)sa.
Then there is a unique element with minimal trace in {Y € B(H)sa :
A, . Ay SY} Definition: maxTr{Al,...,AM}

Exercise 42. For ¥ = {Ay,..., A} € B(H)+,

R ({A1,...,Ar}) =log Trmaxm{A41,..., A}
% maxTr{Al, ey AT}
o=
Tr(...)

unique DJ_-center.
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Guessing probability and the D?_-radius

Theorem 43. ([YKL75])

P;({oi,pi}) = Trmaxm{pios,...,pmom}
= min{TrY: Y =Y" po; <Y Vi}
Uglgl(r%om{ pioi < Ao Vi}
= i DX (pioi
exp (gé%%ﬁ) sup so(pio Ha>
= exp(RS ({pioi}) .-

Proof: : The first equality follows from the duality of semi-definite pro-
gramming, the rest are trivial.

Corollary 44. When py =...=py = ﬁ we have

Pi({onpi)) = 57 oxp (B2, (o))

Operational interpretation of the D}_-radius.
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Guessing probability and conditional min-entropy

Theorem 43. ([YKL75])

P;({oi,pi}) = Trmaxm{pioi,....pmom}
= min{TrY: Y =Y" pjo; <Y Vi}

Uglgl(r%t)m{ pioi < Ao Vi}

= exp(—H(A[B),),

M
where oap = me)(z\ ® o; classical-quantum state.
i=1
e Operational interpretation of the conditional min-entropy [KRS09].

e P*({0i,pi}) is the optimal probability of correctly guessing the
classical value of 7 in system A based on the quantum side-information
in system B.

e No side-information: P;({p;}) = max; p; = exp (—HX (A),).
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Theorem 43. ([YKL75])
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Guessing probability and conditional min-entropy

Theorem 43. ([YKL75])

P;({oi,pi}) = Trmaxm{pios,...,pmom}
= min{TrY: Y =Y" pjo; <Y Vi}

fH{IA>0: pio; <)o V¥V
Uglgl(r%om{ pioi < Ao Vi}

= exp(—HL(A|B),),
where o4 = Z:pZ )(i| ® 0; classical-quantum state.
=1

e Operational interpretation of the conditional min-entropy [KRS09].

Also for a quantum-quantum state as the maximal singlet fraction.



A geometric problem

Exercise 44. Let o1,...,0m € S(H), and let gmax be the largest ¢ € (0, 1]
such that there exist states o, ..., 0. € S(H) with

qoi + (1 —q)o; = qoj + (1 —q)d; Vi, j.

Show that —10g gmax = Ri.({0i}), and qo; + (1 — q) ¢} is the D%,
divergence center.



Binary state discrimination

Exercise 45. Let A, B € B(H). Give a direct proof that
max{Tr AT+ TrB(I-T): 0<T < I}=Trmaxp{4,B}, and

max{A,B}=A+(A-B)_=B+(A-B); =-(A+B+|A-DB|).

1
2
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Binary state discrimination

Exercise 45. Let A, B € B(H)4. Give a direct proof that

max{Tr AT+ TrB(I-T): 0<T < I}=Trmaxp{4,B}, and

1
maxTr{A,B}:AJr(A—B)_:B+(A—B)+:§(A+B+|A—B\).

Corollary 46. Optimal guessing probability for o1 vs. g2 with equal priors is

1 1
P::2<1+2H£21—92||1>~

Operational interpretation of the trace norm.

" 1
Corollary 47. —1log gmax = R5, ({01, 02}) = log <1 + B llo1 — 92H1>,

o1+02+|01—02|

is the D*_ center.
2+[[e1—o2[l; 0

and

Application: Improved Alicki-Fannes inequalities for the continuity of the
conditional von Neumann entropy. [MH11, Winter16]
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Binary state discrimination

Exercise 45. Let A, B € B(H)4. Give a direct proof that
max{Tr AT+ TrB(I-T): 0<T < I}=Trmaxp{4,B}, and

maxn{A,B}=A+(A-B)_=B+(A-B)y =-(A+B+|A-BJ).

1
2
Corollary 46. Optimal guessing probability for o1 vs. g2 with equal priors is
1 1
P.::§ <1+2HQ1—02||1>-

Operational interpretation of the trace norm.

Corollary 48. Optimal error probability:

1 1
P=1-r =5 (1= 5l - el ).
What is the asymptotics of this quantity for many copies of o1, 027

1 1
3 (15 165" = 657l ) oo 2



V. Asymptotic binary state discrimination

and Rényi divergences
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Binary state discrimination

e Problem: Alice wants to send Bob one of 2 possible messages using a
quantum system.

She encodes message i € {0, 1} into some state of the quantum
system, and sends it to Bob over a quantum channel; Bob receives the
system in state p if the meassage was 0 and in state o if the message
was 1.

Bob performs a POVM (T'(0) =T, T'(1) = I — T') to decide which
message was sent.

e type | error: A: 0 but B: 1 a(T):=Tro(I -1T)
type Il error: A: 1 but B: 0 B(T) :==TroT

e Optimal symmetric error probability:

Pi(e.0) = min{a(r) + 360} = 5 (1- 3ol )

Strictly positive unless o | o.
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e To reduce the error, Alice can send the same message n > 1 times.

e type l error: A: 0 but B: 1 an(T) :=Tro®"(I - T)
type Il error: A: 1but B: 0 3,(T) := Tro®"T
Optimal symmetric error probability:

1

1 1 1
P;n(g, U) = min {2an(T) + 2/8n(T)} = 5 <1 - 5 HQ®” — 0'®nH1>



Binary state discrimination

e To reduce the error, Alice can send the same message n > 1 times.

e type l error: A: 0 but B: 1 an(T) :=Tro®"(I - T)
type Il error: A: 1but B: 0 3,(T) := Tro®"T

Optimal symmetric error probability:

Lo () + ;ﬁn(T)} -2 <1 et - 0®"”1>

P, (0,0) = Inin{2 5 5

® Exercise 49. Use the Fuchs - van de Graaf inequalities ([NC,
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Binary state discrimination

e To reduce the error, Alice can send the same message n > 1 times.

e type l error: A: 0 but B: 1 an(T) :=Tro®"(I - T)
type Il error: A: 1but B: 0 3,(T) := Tro®"T

Optimal symmetric error probability:

Lo () + ;ﬁn(T)} -2 <1 et - 0®"”1>

P, (0,0) = Inin{2 5 5

® Exercise 49. Use the Fuchs - van de Graaf inequalities ([NC,
Chapter 9]) to show that P}, decays exponentially fast in n.

e What is the optimal exponent?

e More generally, what are the achievable rate pairs ?

1 1
(lim ——log an(T},), —— log Bn(Tn))
n n n
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Binary state discrimination

e |dea: Adjust the balance between the rates by a parameter ¢ € R:

en(c) 1= min {an(Ty) +€"Bu(To)}

= an(The) +e"Bu(The)
e Exercise 50. Let A, B € B(H)4+. Give a direct proof that
min{Tr A(/ —T)+TrBT: 0<T < I} = Trminty{A4, B}, and
miny{A,B} =A—(A-B);, =B—(A-B)_ = %(AJrB— |A—B|).
Not necessarily PSD!
Moreover, T' is optimal iff {A — B >0} <T <{A - B > 0}.
(For X* = X =) alei)eil: {X >c}i=20 .5 lei)lel])

e Min. in (1): Neyman-Pearson test T), . := {0®" — "“c®" > 0}
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e |dea: Adjust the balance between the rates by a parameter ¢ € R:

en(c) 1= min {an(Ty) +€"Bu(To)}

= Qp (Tn,c) + 6n05n (Tn,c)

e Neyman-Pearson lemma: Among test sequences with a given type Il
error rate, the Neyman-Pearson tests have the best type | error rate.



Binary state discrimination

e |dea: Adjust the balance between the rates by a parameter ¢ € R:

en(c) 1= min {an(Ty) +€"Bu(To)}

= Qp (Tn,c) + 6n05n (Tn,c)

e Neyman-Pearson lemma: Among test sequences with a given type Il
error rate, the Neyman-Pearson tests have the best type | error rate.

Basis of the information spectrum method.
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Binary state discrimination

e Classical case: g, o functions on X

1. g%
The {xEX”:logQ (x)ZC}
n Zz

)

modified maximum likelihood test, log-likelihood ratio test.

an(The) < e~ "5WPasote(a1)=(a=1)Da(ello)}

)

e Markov inequality:

< —nsup,soica—(a—1)Da(ello)}
Bn(Tne) < e
1
Da(ol|o) == — 1ng o(z)%(z)1™®  classical Rényi divergences
o — xX

Cramér's large deviation theorem: The bounds are sharp in the
asymptotics.

e The classical Rényi divergences appear as the logarithmic moment
generating function for the log-likelihood ratio test.
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Operator monotone functions

Reminder: f: (0,+00) — R operator monotone if
0<A<BeB(H)= f(A) < f(B).
t — t“ operator monotone <= « € [0, 1].

[Bhatia]

Exercise 51. Prove that ¢ — t® is not operator monotone for o > 1.

Hint: Use 2 x 2 matrices.
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Quantum large deviation bound

Theorem 52. (Audenaert’s inequality)

For A, B € B(H)+,

1

|A—B|) < TrA*B*,  ael0,1)].

Proof: (N. Ozawa) A< A+ (A-B)_=B+(A-B);+ >B

TrA—TrA“B'™ =
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Theorem 52. (Audenaert’s inequality)

For A, B € B(H)+,

1

|A—B|) < TrA*B*,  ael0,1)].

Proof: (N. Ozawa) A< A+ (A-B)_=B+(A-B);+ >B

TrA—TrA“B'™ =

IN

IN

Tr A®A'"™ — Tr A*B'~

TrA%(B+ (A— B),)' ™™ - TrA*B'™®

Tr A% (B + (A — B);)'™* — BI79)

Te(B + (A= B)4)* (B+(A— B)y)' ™ — B
Tr B+ Tr(A—B)y —Tr(B+(A—-B),)*B'™@
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Quantum large deviation bound

Theorem 52. (Audenaert’s inequality)
For A, B € B(H)+,

Tr% (A+B—|A—B|) <TrA°B'™,  ac0,1].

Proof: (N. Ozawa) A< A+ (A-B)_=B+(A-B);+ >B
TrA-TrA*B"™® = TrA®A"™*-TrA*B'"°

TrA%(B+ (A— B)y)'™* - Tr A“B'™

= TrA* ((B4+(A-DB);)'"*—B'™®)

Te(B + (A~ B)4)* ((B+ (A~ B)4)'™ - BI™)
= TvrB+Tr(A-B), —Tr(B+(A—-B),)*B'"™®
Tr(A - B); + Tr[B* — (B+ (A— B),)*] B'™@
Tr(A — B);.

Rearranging, and noting that A — (A — B); = 1 (A+ B — |A— BJ), we

get the desired inequality.

IN

IN

IN
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For A, B € B(H)+,

Tr% (A+B—|A—B|) <TrA°B'™,  ac0,1].

Apply the above to A := p®" and B := 0" to get
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Quantum large deviation bound

Theorem 52. (Audenaert’s inequality)
For A, B € B(H)+,

Tr% (A+B—|A—B|) <TrA°B'™,  ac0,1].

Apply the above to A := p®" and B := 0" to get
Inax{an(7h¢)7€ncﬁn(jhp)}
14 e
< an(Tn,c) + enC/Bn(Tn,c) = 9

< inf Tr (Q®")a (ema@")l_a — ¢~ swicaci{cla—1)—()}
T 0<ax<l

~ gl —eae],

Corollary 53.
an(The) < e~ n(p(c)—c) Bu(Tpe) < o—e(c)

() :=log Tr p%c 1™, o(c) :== sup {ca —¢(«a)} Legendre transform
0<a<1
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Corollary 53.
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Achievability bound for the direct exponent

Corollary 53.

an(The) < e~ np(e)—c) Bn(The) < e~ ()

Direct error exponent:

dr(ollo) = (nglp {lggg——logﬂ@n(f Ty) : ﬂn(Tn)Se"”}
n)neN

sup{ip(c) —c: p(e) > 1}

v



Achievability bound for the direct exponent

Corollary 53.
an(The) < P CIORD) Bn(Tpe) < e~ (0)

Direct error exponent:

dr (0|l = sup {hmlnf—logTrQn I1—T,): Bn(Th) < e_m}
(ello) o {limin (I=T0): Gu(T3)
> sup{p(c) —c: p(c) >}

. -1
exeéclse sup @ [7’ - Da(QHU)]
0<a<l @

(Petz-type) Rényi divergences:

logTrQTrga o= a€l0,1] or o <P,

D,(ollo) :=
(ell) {—i—oo, o.W.
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e Nussbaum-Szkota distributions: (INSz09])

0= rilei) el p(i, §) = ril(es, )7,
o =738l {fl } ~ { q(i,j) = Sj\<6z'71"]j>\2

e Observation: D, (ollo) = Du(pllq)

e Optimality bound for the direct exponent: ([NSz09, Nagaoka06])
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Optimality bound for the direct exponent

e Nussbaum-Szkota distributions: (INSz09])

0= rilei) el p(i, §) = ril(es, )7,
o =738l {fl } ~ { q(i,j) = Sj\(ffzvf"]jﬂr“

e Observation: D, (ollo) = Du(pllq)

e Optimality bound for the direct exponent: ([NSz09, Nagaoka06])

4 el) < dr(plla) = sup " [ = Dalplo)]
= s - Dalello)].
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Quantum Hoeffding bound theorem

Theorem 54. For every r > 0,

a—1
dy(ollo) = sup [r — Da(ollo)] .-
O<a<l &

e Operational interpretation of the Petz-type Rényi divergences for
a e (0,1).

e More explicit operational interpretation for a fixed a: generalized
cutoff rates [Csiszar95, MH11].

Exercise 55. Prove that a — (o — 1)D,(pl||o) is convex. Write it as a
Legendre transform, and use the bipolar theorem to prove

a—1
D, (ollo) = sup {7" — dr(gHa)} , a € (0,1).
r>0 a

Use this to prove that D, is monotone under CPTP maps for a € (0, 1).

Fully operational proof of the monotonicity of D,,.
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Quantum Hoeffding bound theorem

Theorem 54. For every r > 0,

a—1

dr(ollo) = sup [r = Da(ello)] -

0<a<l

Exercise 56. Use the convexity of a +— (o — 1)D,(p||o) to conclude that
a +— D, (o|lo) is monotone increasing. Show that

lim1 Dy (o|lo) = Di(ollo) (= Umegaki relative entropy).
a—r

Conclude that D; is monotone under CPTP maps.

Corollary 57. dr(ollo) >0 <= r < Di(o|o).

Corollary 58. For every type Il error rate r < D1(g||o), the optimal type |
error goes to 0. Direct part of Stein's lemma.

What about 7 > D;(p||o)? Operational interpretation of D, for a > 17
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Strong converse exponent

e For type Il rates 7 > D;(p||0), we expect the type | error to go to 1
exponentially fast. Strong converse property.
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Strong converse exponent

e For type Il rates 7 > D;(p||0), we expect the type | error to go to 1
exponentially fast. Strong converse property.

Strong converse exponent:

1
scr(ollo) == ;ﬂn)f {limsup—nlog(l —an(Th)) : Bu(Ty) < e—nr}

n)n

lDaelle)] (@

Classically:  sc.(p|lo) = sup
1<a

Exercise 59. Prove that if (2) held in the quantum case then D,
would be monotone for every o > 1

= Qa(0|lo) := Tr %'~ would be jointly convex

= t +— t* would be operator convex, for all o > 1.

However, t — t* is not operator convex for ¢ > 2 [Bhatia]

= (2) cannot hold with the Petz-type Rényi divergences.



Sandwiched Rényi divergences

e Sandwiched Rényi divergences: ([WWY13 MLDSzFT13])

1 1/2 1/2 0 0
1] T( 1Re=a" /> < oY orae(0,1),
Dy (ello) ::{a—1 OgTr@ r o "o =0 (0,1)

+00, O.W.
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e Sandwiched Rényi divergences: ([WWY13, MLDSzFT13])
= 1logTwTr< /245555 01/2> 0" <a%orac(0,1),

Dg(ello) := {

+00, O.W.

e Theorem 60. ([MO15])

a—1 N
scr(ol|o) = sup [r — Dg(ello)] .-
I<a
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+00, o.W.

e Theorem 60. ([MO15])

—L [~ DX (allo)].

e
ser(ollo) = sup
1<«

Operational interpretation of D, for a > 1

L Da(ello))

e Reminder: d,(ollo) = sup
0<a<1
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e Sandwiched Rényi divergences: ([WWY13, MLDSzFT13])

ﬁlog%@Tr( 1/2545% 91/2> 0" <a%orac(0,1),

+00, 0.W.

Dg(ello) := {

e Theorem 60. ([MO15])

—L [~ DX (allo)].

e
ser(pol|o) = sup
1<«

Operational interpretation of D, for a > 1

-1
e Reminder: dr(o|lo) = sup a
0<a<1

h’_'l)a(g”a)y

e Operationally motivated definition of quantum Rényi divergence:

pl@ . ) Palelo), ae(01),
° Di(ollo), a> 1.
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e Sandwiched Rényi divergences: ([WWY13, MLDSzFT13])

ﬁlog%@Tr( 1/2545% 91/2> 0" <a%orac(0,1),

+00, 0.W.

Dg(ello) := {

e Theorem 60. ([MO15])

ser(ollo) = sup 2L [r — Dz (glo)]

1<«

Operational interpretation of D for a > 1.

e Remark: Monotonicity is used in the proof (following Nagaoka's
method), and had been proved by various matrix analytic methods.
([Beigi13, FL13])
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e Sandwiched Rényi divergences: ([WWY13, MLDSzFT13])

_1 1 1/2 1/2 0 0
. - log Tr( aag > o' <cd’orae(0,1),
Da@Wﬂ::{“ Plog g
+00, o.W.
e Theorem 60. ([MO15])

ser(ollo) = sup 2L [r — Dz (glo)]

1<«

Operational interpretation of D for a > 1.

e Proposition 61. ([MLDSzFT13])

Jim Dz (oflo) = Di(ello)

e Remark: DT/Q(QHU) = —2log F(o|lo) + 2logTrpo as before.
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e Sandwiched Rényi divergences: ([WWY13, MLDSzFT13])

1 1 1/2 1/2 0 0
. - log Tr( aag > o' <cd’orae(0,1),
Da@Wﬂ::{a Plog g
+00, o.W.
e Theorem 60. ([MO15])

ser(ollo) = sup 2L [r — Dz (glo)]

1<«

Operational interpretation of D for a > 1.

e Proposition 61. ([MLDSzFT13])

Jim Dz (oflo) = Di(ello)

e Remark: DT/Q(QHU) = —2log F(o|lo) + 2logTrpo as before.

No operational interpretation.
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Dy (ollo) > Dj/(ollo) Araki-Lieb-Thirring inequality
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e Sandwiched Rényi divergences: ([WWY13, MLDSzFT13])
ﬁlog%@Tr( /2555 Q1/2> 0" <a%orac(0,1),

Dg(ello) := {

+00, 0.W.

e Theorem 60. ([MO15])

ser(ollo) = sup 2L [r — Dz (glo)]

1<«

Operational interpretation of D for a > 1.

e Relation of the two Rényi divegences:
Dy (o|lo) > DZ(ollo) Araki-Lieb-Thirring inequality
> aDu(ollo), ae[0,1] (IRSL7])

e Corollary: lim1 D? (ollo) = Di(g|lo).  (Also by direct calculation.)
a—
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e Sandwiched Rényi divergences: ([WWY13, MLDSzFT13])
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e Corollary 64. For every type Il error rate r > D;(p||o), the
optimal type | error goes to 1.



Sandwiched Rényi divergences

e Sandwiched Rényi divergences: ([WWY13, MLDSzFT13])
ﬁlog%@Tr( /2555 Q1/2> 0" <a%orac(0,1),

+00, 0.W.

Dy (ello) = {
e Theorem 60. ([MO15])

—L i~ D (allo)].

[0
ser(gllo) = sup
1<«

Operational interpretation of D for a > 1
e Proposition 62. a — D} (p||o) is also monotone.
e Corollary 63. ser(pllo) > 0 <= r > Di(g||o).

e Corollary 64. For every type Il error rate r > D;(p||o), the
optimal type | error goes to 1.

Strong converse part of Stein’s lemma.



Relative entropy and Stein's lemma

Theorem 65. Quantum Stein’s lemma ([HP91, ONOQ])

The optimal rate of the type Il error under the assumption that the type |
error goes to 0 is the relative entropy D (g||o).

Operational interpretation of the relative entropy.



VI. Rényi information measures



Properties of the Rényi divergences

Definition: (Reminder)

(Petz-type) Rényi divergences:

(ollo) = 4 o L logTr Tr %=, a€0,1] or o° < ¥,
+00, o.W.

Sandwiched Rényi divergences:
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~—log Tr( Jag ) o' <o’ orace(0,1),
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+00, o.W.



Properties of the Rényi divergences

Definition: (Reminder)
(Petz-type) Rényi divergences:

(allo) = ﬁlogﬁ’ﬁgaal*a, a€0,1] or o® < oY,
+o0 O.W.

)

Sandwiched Rényi divergences:

1 1 1/2 1/2 0 0
~—log Tr( crag ) o' <o’ orace(0,1),
D;(ollo) = { 1o

+00, o.W.

Exercise 66. They are strictly positive, additive, stable, and satisfy the
logarithmic scaling property for all o > 0.
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Properties of the Rényi divergences

Definition:
(Petz-type) trace quantities:

sgn(a — 1) Tro% =%, a €10,1] or ¢° < o”,
(ello) = o

Sandwiched trace quantities:

» sgn(a—l)Tr( 125755 1/2) , 0" <o%orac(0,1),
(ollo) ==

—+00, o.W.

Exercise 67. They are homogenous and have the direct sum property for
all & > 0. Hence Qf jointly convex <= monotone <—- D¥ monotone.
Theorem 68. D, monotone <= « € [0, 2],

D! monotone <= « € [1/2, +0o0]. ([Tomamichel])

«
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Rényi entropies

Definition 69. Rényi a-entropy of a state p € S(H4):
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= Diollla) = Hi(A),
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H,(A), = —Trplog o von Neumann entropy.



Rényi entropies

Definition 69. Rényi a-entropy of a state p € S(H4):

log Tr o

Ho(4)y = —Daellla) = 7
= - Di(olla) = Hi(A),

Exercise 70. lim H, (A), = H,(A), = — Tr plog ¢ von Neumann entropy.

a—1

Exercise 71. Vo € [0,+00] H, is additive, Schur-concave,

0<H,(A), <log|A]

with equality for pure/maximally mixed states, respectively.



Rényi entropies

Definition 69. Rényi a-entropy of a state p € S(H4):

1 (0%
H,(A), = *Da(QHIA):l log Tr o

—

= —Dj(ollla) = H}(A),

Exercise 70. lim H, (A), = H,(A), = — Tr plog ¢ von Neumann entropy.

a—1

Exercise 71. Vo € [0,+00] H, is additive, Schur-concave,
0<H,(A), <log|A]

with equality for pure/maximally mixed states, respectively.

Exercise 72. H, is concave <= « € [0, 1].
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quantum state o?
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Quantum state com pression

e Problem: How to quantify the information content of a (mixed)
quantum state o?

e Ensemble picture: o =Y, pi|vi) (¥

Quantum source emits signal sequences v;, ® ... ® v;, with
probability p;, - ... - pi,
Encoding/compression: &, : B(H®") — B(C?)®k» CPTP
Decoding: D, : B(C?)®*» — B(H®") CPTP

Fidelity criterion:

E =30 (L= F([v0) (Wil | (Dn 0 ) (193) (1))

e Purification picture: g is the marginal of |¢,) on RA

Encoding and decoding as above.

Fidelity criterion:  F& := 1 — F (|9),) (¥,l[|(idr @Dy 0 £5)|10,) (1h,])
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e |dea: Look at the problem as state discrimination between p and 74.

Use the Neyman-Pearson projections T,, . = {0®" — e"“7%" > 0} to
compress as

En() = Tne()Tne + 1000 Tr() (I — The), ran T}, . = (C?)®k»

Decoding trivial.
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Quantum state com pression

e |dea: Look at the problem as state discrimination between p and 74.

Use the Neyman-Pearson projections T,, . = {0®" — e"“7%" > 0} to
compress as

En() = Tne()Tne + 1000 Tr() (I — The), ran T}, . = (C?)®k»
Decoding trivial.

® Exercise 73. Show that F¢ < FP < Tr o®"(I — Ty.e) = an(Th.c)

® Corollary 74. For every coding rate R = lim,,, 4 %"

Fﬁ < ATYL’ < e ""SUPo<a<1 aTil[*RJFHa(A)Q}

e Theorem 75. ([Hayashi02]) This is sharp, the exact direct error
exponent is (Operational interpretation of H,(A),)
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d(R) = sup

[-R+ H,(A),], R>0.
O<a<l &
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Quantum state com pression

e Theorem 75. ([Hayashi02]) This is sharp, the exact direct error
exponent is

-1
d(R) = sup a

O<a<l &

R+ H,(A),], R>0.

o Strong converse: F¢ — 1 for R > H,(A),.

Schumacher compression, operational interpretation of the von
Neumann entropy.

e The strong converse exponent is not known.
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Entanglement concentration

e Goal: Extract k,, copies of EPR pairs from n copies of
[¥) = > VP@)x)alz)s
using LOCC operations.

e Theorem 76. ([HKMMWO02]) Direct exponent: Success proba-
bility goes to 1 with an exponent r, optimal extraction rate
is

d(r) = sup { : —_ Ha(A)|w><w}

a>1 —«
Strong converse exponent: Success probability goes to 0 with
an exponent 7, optimal extraction rate is

. ar
se(r) = 0<lgf<1 { l1-« * H“(A)WW}




Entanglement concentration

Extension to the problem of extracting k,, copies of |¢) from n copies of

|¢):

ser) = inf {27 HalDiwiw
0<a<l H (A)|¢><¢|

«

Poster 61: Asger Kjaerulff Jensen, Péter Vrana, Asymptotic LOCC
transformations and the asymptotic spectrum
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Conditional Rényi entropy

Reminder:

HA(A|B)g = — aBeig(fHB) A(oaslla®op)

(rIer ga)l/a
Tr(...)

Quantum Sibson identity: ([SW13]) 7=

Qo
a—1

Dol0ap||Ia® o) = log Tr (Tr 4 0*)Y* 4+ Do(7|05),

Corollary: H,(A|B), = ;%5 log Tr (Try 0®)/%  Additive.

No such explicit expression for the conditional H. Additivity?
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e Duality relations: ([Tomamichel])
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a
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Conditional Rényi entropy

e Duality relations: ([Tomamichel])

H; and Hj are dual for %4—%:2, a, B € [1/2,+x)]
HY and Hg are dual for a+p3=2, «,8€]0,2]

H, and H;i are dual for af =1, «,f € [0,+00]

e Corollary: Conditional H is additive for a € [1/2, +0o0].

e Corollary: Alternative proof for the additivity of the conditional H,,.

e Additivity of the Rényi mutual informations I, and I} can be
established by similar techniques ([HT16]).
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Conditional Rényi entropy

Operational intrepretation of the conditional Rényi entropies: ([HT16])

State discrimination

oG V.S. " ® o, o€ S(H®™)
direct exponent:
a—1
dy = sup S [r—log|A| + H,(AIB),)
O<a<l &

strong converse exponent:

-1 X
s¢p = sup > [7“ ~log|A| + Ha(A|B)Q}

1<«



Rényi mutual information

Operational intrepretation of the Rényi mutual informations: ([HT16])

State discrimination

o V.S. 07" ® o, o€ S(H®™)

direct exponent:

a—1

d, = sSup [T - Ia(A : B)Q]

O<a<l &

strong converse exponent:

scrzsupa [r—1I3(A:B),

l<aa «
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e Classical-quantum channel: W : X — S(H)
e Weighted Rényi divergence radii: P € Ps(X)

# —
REplrant¥)i= inf, | 3 PDEW (@)

® Theorem 77. ([CGH18, MO18]) @ is a minimizer

for Ra7P iff o = Z P W 17& W(CC)OLO'PTQ

and for R}, P iff
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Rényi divergence radii

e Classical-quantum channel: W : X — S(H)
e Weighted Rényi divergence radii: P € Ps(X)

# —
REplrant¥)i= inf, | 3 PDEW (@)

® Theorem 77. ([CGH18, MO18]) @ is a minimizer
1 11—«
for Ry p iff o= P(r)—Fr~—0 2 W(z)% 2
’ 2P e e
and for R, p iff

l1—«

T = ZP(“%)W("MW@)I/Q [W($)1/2O'1?TQW(x)1/2} a—
W ()20 5

e Corollary 78.  Additivity: R P®n(ranW®”) :nRiP(ranW).
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decoding: POVM on H&"
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 Theorem 79. ([MO18]) For all rates R = lim,ZlogM, >
Ry p(ranW), the average success probability decays with an expo-
nent
a—1

sc(R,W, P) = sup

a>1 &

[R— R}, p(ranW)]

Operational interpretation of the weighted sandwiched Rényi diver-
gence radii for a > 1.

Additivity of the weighted divergence radius is crucial for the proof.



Rényi divergence radii

e Constant composition coding: messages 1,..., M,
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Rényi divergence radii

e Constant composition coding: messages 1,..., M,
encoding: k — z(®) e x»
decoding: POVM on H&"
for all k: L4{i: 2P = x} = Py(x), P,— P

)

e Theorem 80. ([MO17]) Without composition constraint:

-1
sc(R,W) = sup a
a>1l &

[R — R} (ran V)]

Operational interpretation of the sandwiched Rényi divergence radii
for a > 1.

Reminder:

R}, (ranW) := inf supD,(W(z)|lc)= sup R, p(ranW)
o€SH) « PePH(X)
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Rényi divergence radii

e What about the direct exponent and Rényi divergence radii for oo < 17
e Constant composition coding with rates

1
R =lim —log M,, < Ry p(ran W):
non
The error probability goes to zero with a rate d(R, W, P).
Classical-quantum sphere packing bound: ([DW17])

-1
d(R,W,P) < sup =
o<a<l &

[R — Rq, p(ran )]

e Becomes +oo at Ry p(ran W).

e Optimizing over all channels with the same confusability graph gives
Marton's weighted version of the Lovasz 6-function:

0(G,P) = i‘l;lvf Ry p(ran W).

e Taking the maximum over all P gives the Lovasz 6-function.
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Channel divergences

e Let M,N : A — BbeCPTP, A adivergence. Channel A divergence:

AMIN) :=sup A ((idgr @M )orall(idr ®N)ora)

ORA

e When M(.) = pTr(.) and N(.) = o Tr(.) are replacer channels then
AMIN) = A(ello)
for every stable A.

e The Rényi channel divergences give the direct and strong converse
exponents in quantum channel discrimination if only product strategies
are allowed.
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e Theorem 81. ([CMW16, BHKW18]) For channel discrimina-
tion with adaptive strategies

a—1

scp(M|IN) = sup

a>1
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if A is a replacer channel, or both channels are classical-
quantum.

Moreover, in these cases Stein's lemma holds with D1 (M||N)
as exponent.
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Channel divergences

e Theorem 81. ([CMW16, BHKW18]) For channel discrimina-
tion with adaptive strategies
a—1

scp(M|IN) = sup

a>1

[r = Da(M[N)]

if A is a replacer channel, or both channels are classical-
quantum.

Moreover, in these cases Stein's lemma holds with D1 (M||N)
as exponent.

e Other types of information measures for channels?

Poster 2: Gilad Gour, Mark Wilde, Entropy of a quantum channel



Further topics

e Entropy and thermodynamics: Characterization of possible state
transitions in terms of Rényi entropies/ divergences.

Poster 182: Paul Boes, Jens Eisert, Rodrigo Gallego, Markus Mueller
and Henrik Wilming, Von Neumann entropy from unitarity



Further topics

e Entropy and thermodynamics: Characterization of possible state
transitions in terms of Rényi entropies/ divergences.

Poster 182: Paul Boes, Jens Eisert, Rodrigo Gallego, Markus Mueller
and Henrik Wilming, Von Neumann entropy from unitarity

e Smooth entropies, applications in information theory, cryptography,
thermodynamics.

Poster 94: Anurag Anshu, Mario Berta, Kun Fang, Rahul Jain, Marco
Tomamichel and Xin Wang, Smooth entropies for quantum channels
and multipartite states
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