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Fault tolerance is expensive
" Factor 1024-bit integer using ~1011 gates.

⇒ Need error # 10-11 per gate

superconducting qubits 10-3

[Bermudez et al., arXiv:1705.02771][IBM Quantum Experience]

  ion traps 10-2

(for FT QEC, we need # 10-4)

physical
logical" Even if error # 10-5, overhead = 3!103 (surface code)

[Suchara et al., arXiv:1312.2316]
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How to reduce the overhead
syndrome measurement decoding algorithm complementary transversality

logic synthesis state distillation circuit architecture

ancilla preparation measurement logical gate operation



Choose efficient codes
 [Gottesman, arXiv:9702029]• Encode multiple qubits in a block

⇒ Higher rate, but difficult to compute fault tolerantly [Gottesman, arXiv:1310.2984]

⇒ Constant overhead is possible, but mostly a theoretical result, not practical

Our focus: Reduce FT overhead on small quantum devices, e.g. with ~10s qubits

[Steane et al., arXiv:0311014]
[Steane, arXiv:0412165]

ancilla ancilla

data



Non-fault tolerant error correction experiments

• 7-qubit color code using ion traps
• 2 by 2 surface codes using superconducting qubits [Corcoles et al., arXiv:1410.6419]

[Nigg et al., arXiv:1403.5426]

• 3-qubit repetition code using liquid NMR [Cory et al., arXiv:9802018]

…………

Recent fault-tolerance experiments

+
ancilla

[Linke et al., arXiv:1611.06946]

[Vuillot, arXiv:1705.08957]

• FT error detection on ion traps

• FT preparation and computation

    on superconducting qubits

[Takita et al., arXiv:1705.09259]

Fault-tolerance theory has not yet been tested

[[4, 2, 2]] error detecting code



Experimentalists need good tests

• To test/demonstrate the theory

• To assess FT schemes’ performance with real error models

• To adapt FT schemes to real noise

Theorists need to come up with them!

Demonstrating FT is a daunting task

• For every circuit in the family, the error rate for the encoded circuit should 

    be lower than that for the unencoded

see [Gottesman, arXiv:1610.03507]

• Test full circuit, including error correction & computation

• Efficient and reasonable verification

• Choose a circuit family of interest

• Start from very few qubits, but scalable and representative

Test fault tolerance on small devices



Very efficient fault-tolerant error correction

Logical Code Ancilla

[[5,1,3]]

[[15,7,3]]

Our results
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Very e!cient fault-tolerant error correction

Logical Code Ancilla

[[5,1,3]]

[[15,7,3]]

Our results
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Very e!cient fault-tolerant computation
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Cli"ord gates
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Universal 
gate set

With [[7,1,3]] code, need 53=49+4 qubits to test FT computation on 7 logical qubits
Previously: 



Very e!cient fault-tolerant error correction

Logical Code Ancilla

[[5,1,3]]
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Very e!cient fault-tolerant computation

z}|}|{{
Cli"ord gates

| {z{z }}
Universal 
gate set

With [[7,1,3]] code, need 53=49+4 qubits to test FT computation on 7 logical qubits
Previously: 

Main idea: Flags to catch “bad” errors
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no verification needed

[arXiv:0607047]

Shor’s scheme

w ancilla qubits

Previous improvement: DiVincenzo-Aliferis decoding trick
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[arXiv: 1402.3037][arXiv:1612.04795]

3 ancilla qubits for w =4
4 ancilla qubits for w #8

For general w, only max{ 3, !w/2" } ancilla qubits

Previous improvement: Stephens-Yoder-Kim half cat state trick
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Order of CNOTs matters
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[[15,7,3]] code
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[[15,7,3]] code

Order of CNOTs matters
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Ancilla qubits required for

Code Shor Half cat Flag

[[5, 1, 3]] 5 3 2

⇧ [[7, 1, 3]] 5 3 2

[[9, 1, 3]] 1 – –

[[8, 3, 3]] 7 3 2

[[10, 4, 3]] 9 4 2

[[11, 5, 3]] 9 4 2

⇧ [[15, 7, 3]] 9 4 2

⇧ [[31, 21, 3]] 17 8 2

⇧ [[2r � 1, 2r � 1� 2r, 3]] 2
r�1

+ 1 2
r�2

2

Flag trick works for many codes

Hamming



Criteria for FT QEC on distance-3 codes

• Only consider at most 1 fault

⨉

⨉

no error

at most weight-1 error

Error correction

Error correction



Error correction procedure

nontrivial syndrome

Get all syndromes

without flags


Correct weight-1 error

Measure stabilizer

using flag gadget

flag raised Get all syndromes

without flags

Correct correlated error
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Depolarizing noise, no geometric constraint, no rest error

Morals: Flag is comparable (even slightly better than Shor)

Simulations
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Flag 7p

[[15, 7, 3]]

[[5, 1, 3]]

Depolarizing noise, no geometric constraint, no rest error
1 p
2

Morals: Flag is comparable (even slightly better than Shor)

Simulations

For large codes, Steane is probably better (it extracts multiple syndromes at once)
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Flag 7p

[[15, 7, 3]]

[[5, 1, 3]]

[[8, 3, 3]]
[[10, 4, 3]]

Depolarizing noise, no geometric constraint, no rest error
1 p
2

Morals: Flag is comparable (even slightly better than Shor)

Simulations

For large codes, Steane is probably better (it extracts multiple syndromes at once)



Main idea: Flags to catch “bad” errors

z}|}|{{

| {z{z }}

Very e!cient fault-tolerant error correction

Logical Code Ancilla

[[5,1,3]]

[[15,7,3]]

Our results

+�!

+�!

Very e!cient fault-tolerant computation

Cli"ord gates

Universal 
gate set



Fault-tolerant computation

1. Find logical gates

Two conceptual steps

[Grassl et al., arXiv:1302.1035][Harrington, Reichardt ’11]• Permute qubits (with a symmetry)

• Round-robin design [Yoder et al., arXiv:1603.03948]

• Build CZ circuits based on permutation symmetries



Fault-tolerant computation

1. Find logical gates

Two conceptual steps

2.  Make it fault tolerant

[Grassl et al., arXiv:1302.1035][Harrington, Reichardt ’11]• Permute qubits (with a symmetry)

• Round-robin design [Yoder et al., arXiv:1603.03948]

• Build CZ circuits based on permutation symmetries

Use flag gadget to catch bad errors ⇒
|0i

|+i

0/1

+/�



• errors don’t spread more than once

CZ gate

X
Z

= X

=Z Z

=• symmetrical

• nice for CSS codes
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X gadget applies CZ
catches XX,XY,YX,YY

Flag gadget

X

X

X

Y

Y

Y

Y

X

|0i 0/1



Z gadget applies CZ

Flag gadget

catches YX, ZZ

Y

X

Z

Z

|+i +/�



applies CZ

Flag gadget

catches all true 2-qubit failures

combine: CZ gadget

all possible ways 
can fail

IX, IY, IZ, XI, YI, ZI,
 1-qubit failure after gate

XZ, YZ, ZX, ZY 1-qubit failure before gate

XX, XY, YX, YY, ZZ true 2-qubit failure
{

⨉

⨉
⨉

⨉

⨉
⨉

No gadgets can do better than this

|0i

|+i
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stabilizer generators

• Automorphism group: qubit permutations which fix the codespace

0 0 0 0 0 0 0 1 1 1 1 1 1 1 1

0 0 0 1 1 1 1 0 0 0 0 1 1 1 1

0 1 1 0 0 1 1 0 0 1 1 0 0 1 1

1 0 1 0 1 0 1 0 1 0 1 0 1 0 1

• New technique: Build CZ circuits based on permutation symmetries

Lemma: For a self-dual CSS code, if σ is a qubit permutation that fixes codespace, then

circuit with a CZ gate from i to σ(i), for all i≠σ(i), fixes the code space up to Z corrections.

Ex: (6,7)(8,10,9,11)(12,14,13,15)

14

12

8
9
10
11

13

15

⇒

1
2
3
4
5
6
7

Ex.               Hamming code[[15, 7, 3]]

Physical

Circuit

Logical

Effect



Gadgets are merged

⇒

• All gadgets measure 0: 1-qubit fault between gadgets

• Some gadgets measure 1: Localize and correct
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Universal computation

Round-robin construction

(Informal) lemma: For any CSS code*, say
then CZ gates applied to every pair in                perform

Zi = ZSi , Zj = ZSj

Si ⇥ Sj CZij

Similar for CCZ

*CSS isn’t needed…

CCZ{1,2,3}⇒
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Z1 = Z{1,2}

Z2 = Z{3,4}

Z3 = Z{5,6}



Universal computation

Round-robin construction

(Informal) lemma: For any CSS code*, say
then CZ gates applied to every pair in                perform

Zi = ZSi , Zj = ZSj

Si ⇥ Sj CZij

Similar for CCZ

⇒ ⇒

2 ancillas for Clifford group 4 ancillas for universal gate set

*CSS isn’t needed…

|0i

|+i

0/1
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CZ gadget

CCZ gadget



Summary

Experimentalists need good tests

• to test/demonstrate the theory

• to assess FT schemes’ performance in real error models

• to adapt FT schemes to real noise

Theorists need to come up with them! Start from small devices



Logical Code Ancilla

With [[7,1,3]] code, need 53=49+4 qubits to test FT computation on 7 logical qubits

Summary

Previously:  

FT universal computation on 7 logical qubits with 19 qubits

z}|}|{{
Cli"ord

| {z{z }}
Universal

[[15,7,3]] +�!



Main idea: Flags to catch “bad” errors

Summary

FT EC with 2 ancilla FT computation with 4 ancilla
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|0i
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Summary

• Two ancillas for logical state preparation, measurement and code conversion…

Flag paradigm

• EC for arbitrary distance codes [C. Chamberland and M. Beverland arXiv:1708.02246] 

• CZ gadget, CCZ gadget, XXX gadget…
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