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Information Combining

giQ
Basic question
Given random variables X; and Xs:

~ What do we know about X; + X> and in particular H(X; + X2)?
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Given random variables with side information (X1, Y1) and (X2, Yz):
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Information Combining

giQ
Basic question
Given random variables X; and Xs:

~ What do we know about X; + Xz and in particular H(X; + X2)?

More involved
Given random variables with side information (X1, Y1) and (X2, Yz):

~ What about Xi + Xz given Y; Y2 and in particular H( X + Xz| Y1 Y2)?
Best known instance: Entropy power inequalities

g2H(Xi+X2) > e2H(X1) | g?HOR)
Adding quantum side information is very difficult!

Here simplest setting: binary random variables.
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Without conditioning

giQ

p q
ol [Pp}’ % [1—61}

pq + (1 —loli)(1 —q)} [1 pxq }
—pxq

p(1—q)+q(1—p)

X1+X2N{
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Without conditioning

giQ

p q
ol [Pp}’ % [1—61}

a2
pxq
Hash

pq+(1—p)(1 - q)}
H(X1 + X2) = h(h™"(H(X1)) * h™ ' (H(X2))

Xt X Lo(1 —q)+4q(1 - p)

Therefore
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With conditioning
giQ

Classical bounds on information combining.
Write H(Xi|Yi) = H;,

(log2 — Hy)(log2 — Ha)

h(h™"(Hy)xh™ ' (Hz)) < H(X;i4+Xz| Y Y2) < log2— o
og
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With conditioning
giQ

Classical bounds on information combining.
Write H(Xi|Yi) = H;,

(log2 — Hy)(log2 — Ha)

h(h™"(Hy)xh™ ' (Hz)) < H(X;i4+Xz| Y Y2) < log2— o
og

With Hy = H, = H,

H(log2 — H) <h

0.799
log 2

(' (H)xh ' (H)) = H

< H(X1 + Xo|Y1Y2) — H

< H(log2 — H)
log 2
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Lower bound
Main ingredient gIQ

9e(Hi, Hp) := h(h™'(Hy) » h™'(Hz))

is convex in H; for fixed Ho, and vice versa.
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Lower bound
Main ingredient gIQ

9c(Hy, Ho) == h(h™'(Hy) * h™(H))
is convex in Hy for fixed Ho, and vice versa.

H(Xi + Xao| Y1 Ya)

= ZPY1=y1pY2:y2H(X1 +Xo|Y1 = y1 Y2 = y2)
Y1,¥2
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Lower bound
Main ingredient 9|Q
9c(Hy, Ho) == h(h™'(Hy) * h™(H))
is convex in Hy for fixed Ho, and vice versa.
H(Xi + Xo| Y1 Y2)

= ZPY1=y1pY2:y2H(X1 +Xo|Y1 = y1 Y2 = y2)
Y1,y2

=Y PrimyPro=yp h(h ™ (HX Yy = 1)) x b (HOX| Y = 12)))
Yi,y2
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Lower bound
Main ingredient gIQ

9c(Hy, Ho) == h(h™'(Hy) * h™(H))
is convex in Hy for fixed Ho, and vice versa.

H(X1 + X2| Y; Yg)
= ZPY1:y1PY2:y2H(X1 + X2| Yi=nYe= }/2)

Y1,y2
= PrimyPra=p h(h ™ (H(X1| Y1 = 1)) % ' (H(Xe| Yz = y2)))
Y1,y2
> pri=y h(h T (HXG| V) = 1))+ b (H(Xe| Y2)))
12
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Lower bound
Main ingredient gIQ

9c(Hy, Ho) == h(h™'(Hy) * h™(H))
is convex in Hy for fixed Ho, and vice versa.

H(X1 + X2| Y; Yg)
= ZPY1:y1PY2:y2H(X1 + X2| Yi=nYe= }/2)

Y1,y2
= PrimyPra=p h(h ™ (H(X1| Y1 = 1)) % ' (H(Xe| Yz = y2)))
Y1,y2
> pri=y h(h T (HXG| V) = 1))+ b (H(Xe| Y2)))
12

> h(h~ (H(X:|Y1)) * ™ (H(Xe| Y2)))-
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Channel picture

Wi B We

‘

X2

Notation:

H(X|Yi) = H(W;)
H(X1 + X2‘Y1 Y2) = H(W1 W2)
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Channel Duality

For every channel W we can define a dual channel w.
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Channel Duality

For every channel W we can define a dual channel w.
Additional uncertainty relation
H(W) = log2 — H(W™)
and symmetry relation
H(W 8 We) — (H(Wh) + H(W2)) /2
—H(W- B W) — (H(WE) + H(W)) /2.

Based on results in Renes, IEEE Trans. 64, 577 (2018), arXiv:1701.05583
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Channel Duality

0.151

0.10+

0.05+
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cami

Conditional Quantum Mutual Information

H(X1 +X2|B1 Bg) - H1 = /(X1 +X2 . XQ‘B‘] Bg)
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cami

Conditional Quantum Mutual Information
H(X1 + X2‘B1 Bg) - H1 = /(X1 + X2 . X2‘B1 Bg)
Lower bounds on CQMI

I(A: C|B); > —2log F(Tacs: Rs_a5(TcB))
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Concavity of von Neumann Entropy

Let p; € B(CY) and {p;}"_, be a probability distribution. Q'Q

H (Z Pipi) — ZP/H(/)/)
> H{pi}) —log (1+2 > V/PBiF(i )

1<i<j<n
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Lower Bound: Summary
Here for the simple H; = H, = H case: ng

H(X1 + X2|B1Bg) —H
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Lower Bound: Summary
Here for the simple H; = H, = H case: ng

H(X1 + X2|B1Bg) —H

= I(A: C|B), Qcmi

> —2log F(Tace, Rs_a5(TcB)) Fawzi — Renner
1 1

> —2log cos > arccos[f?] — > arccos f A — ineq.

with f := F(pg, p1).
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Lower Bound: Summary
Here for the simple H; = H, = H case: ng

H(X1 + X2|B1Bg) —H

= I(A: C|B), Qcmi

> —2log F(Tace, Rs_a5(TcB)) Fawzi — Renner
1 1

> —2log cos [2 arccos[f?] — 5 arccos f] A — ineq.
1

> —2logcos [E arccos[(1 — 2h; '(log 2 — H))?] Concavity

1
~ 5 arccos[1 — 2h; '(log2 — H)]]

with f := F(pg, p1).
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Lower Bound: Summary
Here for the simple H; = H, = H case: ng

H(X1 + X2|B1Bg) —H

= I(A: C|B), Qcmi

> —2log F(Tace, Rs_a5(TcB)) Fawzi — Renner
1 1

> —2log cos [2 arccos[f?] — 5 arccos f] A — ineq.
1

> —2logcos [E arccos[(1 — 2h; '(log 2 — H))?] Concavity

1
~ 5 arccos[1 — 2h; '(log2 — H)]]

0.083 - —H H< llog2
1—log H?’ — 2 A , .
= log 2—H 1 Duality / Simplify

with f := F(pg, p1).
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Outline

= Conjectured Bounds
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Conjectured Bounds
Let p%X1B1 and p*2® be cq.-states with Hy and Hy. Then: gIQ
H(X1 + X2|B1 Bg) — (H1 + H2)
[ ) () — (o H) Hy + Ho < log2
h(h~"(log2 — Hy) * h~'(log2 — Hz)) — log2 Hy + Hp > log?2
and
(log2 — Hy)(log2 — Ha)

H(X1 + X2|B1Bz) < log2 — .
(X 2|B1B2) < log log 2
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Evidence

~ States with Equality.

~ Numerics:
0.15 0.15
0.10 0.10
0.05 0.05
0.1 02 0.3 04 05 06 0.7 0.1 02 03 04 05 06 0.7
0.15 0.15
0.10 0.10
0.05 0.05
0.1 02 0.3 04 05 06 0.7 0.1 02 03 04 05 06 0.7
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Outline

I/ Application to polar codes

C. Hirche — Information Combining 18/24



What are polar codes?

Ws
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Un W;

_B1

giQ
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What are polar codes?
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What are polar codes?
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Speed of Polarization

C: H(X|Y)

ct:HY ¢ :H

\

cttoHtt C:H "~

SN

# steps to reach [0, €] U [log2 — ¢, log 2]: n &~ Llog !
= Rate R = /(W) — e with polynomial blocklength ~ poly(1/e).

C. Hirche — Information Combining 20/24



Speed of Polarization

£

# steps to reach [0, €] U [log 2 — ¢, log 2]: n &~ L(log 1)
= Rate R = /(W) — e with subexponential blocklength ~ (1/¢)'°8(1/¢),
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Non-stationary channels

Also:
Bounds for H; # H. give

~ a conceptually simple proof of polarization (without martingales),
~ that also works for non-stationary channels.
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Outline

F= Wrap-up
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Wrap-up

~ Lower bound on H(X; + Xz|B1Bz).
~ Conjectures for optimal lower and upper bounds.
~ Applications to Polar codes.
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Wrap-up
giQ

~ Lower bound on H(X; + Xz|B1Bz).
~ Conjectures for optimal lower and upper bounds.
~ Applications to Polar codes.

To do!

~ Prove conjectures!
~ Especially linear behavior!

~ Extensions to other input alphabets.
~ Much more!

C. Hirche — Information Combining 24/24



Recovery bounds
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