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Simple definition of the decoherence time

o Consider a quantum system H = C? and denote by D, the set of density matrix on H;

o Decoherence is the idea that there exists a preferred basis such that the off-diagonal terms

of any density matrix disappear in time:

p1 * pr1
p= t—>‘+>oo Pdiag ‘=
* Pd 0
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Simple definition of the decoherence time

o Consider a quantum system H = C? and denote by D, the set of density matrix on H;

o Decoherence is the idea that there exists a preferred basis such that the off-diagonal terms
of any density matrix disappear in time:

p1 * p1 0

= .. —_— ——
P . ttoo Pdiag

* Pd 0 Pd

Define an interpolating family of density matrix between p and pgi,g as:

ptzeitpﬁ’(l*eit)Pdiag : PO =P, P+oo = Pdiag
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Simple definition of the decoherence time

o Consider a quantum system H = C? and denote by D, the set of density matrix on H;

o Decoherence is the idea that there exists a preferred basis such that the off-diagonal terms
of any density matrix disappear in time:

p1 * p1 0

= .. — ——
P . ttoo Pdiag

* Pd 0 Pd

Define an interpolating family of density matrix between p and pgi,g as:

ptzeitpﬁ’(l*eit)pdiag : PO =P, P+oo = Pdiag

The main topic of this talk is the study of the decoherence time (||-||; = Tr|-|)

t(e) = inf{t >0; ||Pt _Pdiag”l <e Vpe Dd} .
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Simple definition of the decoherence time

o Consider a quantum system H = C? and denote by D, the set of density matrix on H;

o Decoherence is the idea that there exists a preferred basis such that the off-diagonal terms

of any density matrix disappear in time:
p1 * p1 0

= .. —_— ——
P . ttoo Pdiag

* Pd 0 Pd

Define an interpolating family of density matrix between p and pgi,g as:

ptzeitpﬁ’(l*eit)pdiag : PO =P, P+oo = Pdiag

The main topic of this talk is the study of the decoherence time (||-||; = Tr|-|)

t(e) = inf{t >0; ||Pt _pdiag”l <e Vpe Dd} .

Remark: p; is a special instance of (quantum) Markovian evolution.
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@ Decoherence for quantum Markov semigroups

© Functional inequalities for estimating the decoherence time

© L,-regularity

© Conclusion and open questions
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@ Decoherence for quantum Markov semigroups
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Quantum Markov semigroups

Environment Induced Decoherence, Zurek 1982

Decoherence is a generic behavior of open quantum systems (at least in the Markovian
approximation).
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Quantum Markov semigroups

Environment Induced Decoherence, Zurek 1982

Decoherence is a generic behavior of open quantum systems (at least in the Markovian
approximation).

@ Evolution of open systems in the Markovian regime are modeled by semigroups of quantum
channels (completely positive and trace preserving superoperators), called quantum Markov

semigroups:
pe=Pl(p), PL.=PIPI,  TP(p)] =Tt

o The generator LT defined by P;f =exp t L is called a Lindbladian.
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Quantum Markov semigroups

Environment Induced Decoherence, Zurek 1982

Decoherence is a generic behavior of open quantum systems (at least in the Markovian
approximation).

@ Evolution of open systems in the Markovian regime are modeled by semigroups of quantum
channels (completely positive and trace preserving superoperators), called quantum Markov
semigroups:

pe=Pl(p),  Plo=PIPL. TPH(p)]=Trlpl;

o The generator LT defined by P;f =exp t L is called a Lindbladian.

o In the dual Heisenberg picture, one is interested in the evolution of observables X € B(H);

@ In this case, the evolution is given by the dual P; of P,_T, which are unital operators.

TrlpPe(X)] = THPL(p) X] Vp,vX,  Pe(l) = by -
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Quantum Markov semigroups

Environment Induced Decoherence, Zurek 1982

Decoherence is a generic behavior of open quantum systems (at least in the Markovian
approximation).

@ Evolution of open systems in the Markovian regime are modeled by semigroups of quantum
channels (completely positive and trace preserving superoperators), called quantum Markov
semigroups:

pe=Pl(p),  Plo=PIPL. TPH(p)]=Trlpl;

o The generator LT defined by P;f =exp t L is called a Lindbladian.

o In the dual Heisenberg picture, one is interested in the evolution of observables X € B(H);

@ In this case, the evolution is given by the dual P; of P,_T, which are unital operators.

TrlpPe(X)] = THPL(p) X] Vp,vX,  Pe(l) = by -

We will always assume that P has a full-rank invariant density matrix o:

oc>0, Trlo]= Tr[P:(a)] =1 and Trlo P(X)]=Trloc X] VX € B(H),Vt>0.
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Decoherence for quantum Markov semigroups

We call the Decoherence-Free algebra the largest subalgebra N(P) on which (Pt):>0 reduced
to a non-dissipative-evolution. It means that there exists a one-parameter unitary group (Ut):cr

such that
Pe(X) = U X Ut vX e N(P), Vt>0.

On N(P), the evolution is given by the Schrédinguer Equation for closed systems.
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Decoherence for quantum Markov semigroups

We call the Decoherence-Free algebra the largest subalgebra N(P) on which (Pt):>0 reduced
to a non-dissipative-evolution. It means that there exists a one-parameter unitary group (Ut):cr

such that
Pe(X) = Uf X U vX e N(P), Vt>0.

On N(P), the evolution is given by the Schrédinguer Equation for closed systems.

Theorem (Carbone, Sasso and Umanita (2013))

Assume there exists a full-rank invariant density matrix o. Then there exists a unique
conditional expectation (projection) Exs from B(H) to N'(P) such that:

Trlo X] = Trlo Ex(X)] VX € B(H)

and such that:
thw P (X — En[X])=0.

Equivalently, denoting by E;{/ the dual of Exr, we have E;{/(U) = o and:

lim Pl (p— EXlp]) =0 VpeDy.

Intuitively: P:(X) interpolates between X and its projection on N(P).
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Two examples

Primitive QMS:
One particular case is when AV (P) = C I3. In this case:
@ o is the unique invariant density matrix;
o Ex[X] = Tro X] Iy for all X € B(H) and E}[o] = o for all p € Dy;

@ One has the limits:

Pl (p) 0 VP €Dy, PuX) s TloX]he VX €B(H).
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Two examples

Primitive QMS:
One particular case is when AV (P) = C I3. In this case:
@ o is the unique invariant density matrix;
o Ex[X] = Tro X] Iy for all X € B(H) and E}[o] = o for all p € Dy;

@ One has the limits:

Pl (p) 0 VP €Dy, PuX) s TloX]he VX €B(H).

Decoherent QMS:
Consider the case where N/(P) is the algebra of diagonal operators in some preferred
orthonormal basis and define:
Lleeo(p) = ENlPl = p.
In this case:
o En = E):[ is the projection on diagonal operators;
Pl(p) =e o+ (1—e ) ELI

o A full-rank invariant density matrix is the maximally-mixed %’;

One has P{ (p) R E/J{/[p].

v
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___________________________________F0]
What does N (P) looks like in general?

In the general case, N(P) is a *-subalgebra of B(#) so admits the following structure:
@ H can be decomposed as:
H=EPH oCk;
i€l
@ N(P) can be decomposed as:
N(P) =P BH) @ I;
i€l
e For all X € B(H;),
Pt(X) = U:X Ut;

o The Hilbert spaces H; are called decoherence-free subsystems.
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___________________________________F0]
What does N (P) looks like in general?

In the general case, N(P) is a *-subalgebra of B(#) so admits the following structure:
@ H can be decomposed as:
H=EPH oCk;
i€l
@ N(P) can be decomposed as:
N(P) =P BH) @ I;
i€l
e For all X € B(H;),
Pt(X) = U:X Ut;

o The Hilbert spaces H; are called decoherence-free subsystems.

Quantum passive error correction:

Decoherence-free subsystems are good candidates for fault-tolerant universal quantum
computation (Kempe, Bacon, Lidar and Whaley 2000).
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g the decoherence time

© Functional inequalities for estimating the decoherence time
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Functional inequalities for estimating the decoherence time

Method

Goal: estimating the decoherence time:

t(e) =inf{t>0; HP: (p - E_}L\,,[,C)])H1 <e VpeDg}.
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Functional inequalities for estimating the decoherence time

Method

Goal: estimating the decoherence time:

t(e) =inf{t>0; HP: (p - E):f[p])Hl <e VpeDg}.

Method: upper bounding with more tracktable functionals:

(Diaconis and Saloff-Coste 1996, Kastoryano and Temme 2013)
\/x2 (i), Pl (ELIA))

V22 (Pl 171 (ELtnl)).

[Pt (o= Evten)], <

o where x?(p, o) is the x? divergence and the bound was derived in (Ruskai 1994):
_1 _1
X(p,0)=Tr[o 2 (p—0)o 2 (p—0)] < 1/omin,
@ where D (p|| o) is the relative entropy and the bound is the Pinsker inequality:
D(pllo) =Tr[p(logp —logo) ] < log(1/omin),

where omin is the smallest eigenvalue of o.
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Functional inequalities for estimating the decoherence time

The weight-L, spaces

The reference density matrix

Define the following density matrix:
Iy
OTr = Ejt/ [7} )

It is a full-rank invariant density matrix (with additional desirable properties...).
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Functional inequalities for estimating the decoherence time

The weight-L, spaces

The reference density matrix

Define the following density matrix:
Iy
OTr = Ejt/ [7} )

It is a full-rank invariant density matrix (with additional desirable properties...).

o The L2 scalar product with respect to o, is defined for all X, Y € B(H) by:
<X7 Y>0'Tr =Tr |:O-Tr1/2X*UTr1/2 Y] ;

o We consider an interpolating family of LP-norms ||-|| on B(H) defined by:

PyoTr
1 1
kS ENTAN 1 1)2]2
Xl gy =T [ Xom 5" 01Xl g, =T [ xom 2]
@ A natural map between these spaces is given by, for 1 < p, g < +o00:
1 i FIN-I S v o
lop(X) = o1 % (or % X o2 ) “on 20 1 [1XN9 o = ap (X2, -
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Functional inequalities for estimating the decoherence time

The case of the x?-divergence

o We write P the dual of P for the above scalar product. It describes the evolution of the
1

1
; : ~2 2.
relative density o, ? pop,?:

1

~ _1 _1 T _1
& (O—Tr2 paTl'z) =on” Pi(p)og®;

1 1
o In terms of the relative density X = o2 pop,?, the x2-divergence now reads:

X*(ps EX o)) = I1X = ExIXII3 oo, -

o Differentiating the x2-divergence leads to

0 N 2
S| P —Evba|) =20 £00)er, <0.
t=0 »TTr
N | onal Incqualitics for decoherence time QIP 2018
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Functional inequalities for estimating the decoherence time

Exponential decay in L2-norm

Definition
We define the Decoherence-Free Variance (DF-variance) and the Dirichlet form for all
X € B(H) as

Vary (X) = 1X = Ex(X)II3 5, »

NGES Evif - |

Ec(X) = (X, LX) or, =~ %

QIP 2018 13 / 20
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Functional inequalities for estimating the decoherence time

Exponential decay in L?-norm

Definition

We define the Decoherence-Free Variance (DF-variance) and the Dirichlet form for all
X € B(H) as

Vary (X) = 1X = Ex(X)II3 5, »

E£(X) i= —(X, LX), = P x — Evix))|

0
2 Ot =0 oI

Theorem

Define the Decoherence-Free Poincaré Inequality as the existence of a A\ > 0 such that for all
X € B(H) with X = X*:
A Varpy (X) < Ex(X).

Then one has an exponential speed of decoherence in terms of the DF-variance:
Vary (Pe(X)) < Vary(X)e 22t VX € B(H), X = X*.

Let A\(L) be the best constant in this inequality:

= min 762()()
ME) = X € B(H), Varn(X)'
X =X*
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Functional inequalities for estimating the decoherence time

Exponential decay in relative entropy

Definition

We define the Decoherence-Free relative entropy (DF-relative entropy) and the entropy
production for all density matrices p € Dy as

D(p, N):=D (pllE{lrl) ,

D (PZ(P)» N) = —Tr[LT(p) (log p — log o 77) ] -

t=0
y

EP£(X) := —

8
ot

QIP 2018 14 / 20
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Functional inequalities for estimating the decoherence time

Exponential decay in relative entropy

Definition

We define the Decoherence-Free relative entropy (DF-relative entropy) and the entropy
production for all density matrices p € Dy as

D(p, N):=D (pllE{lrl) ,

EP£(X) := —

% o D (Pj(f’)’N) = —Tr[L"(p) (log p — log o) ] -

Theorem

Define the Decoherence-Free modified log-Sobolev Inequality as the existence of o > 0 such
that for all states p € Dy,
2aD (p, N') < EP£(p).

Then, for all p € Dy,
D<PI(P),N>§D(p,N)e’2m forall t > 0.

Let apr(L) be the best constant in the previous inequality:

. EPc(p)
an (L) = min —————.
ML) = i 3D (. N
I Functional | lities for decoherence time QIP 2018 14/ 20




Functional inequalities for estimating the decoherence time

The decoherence-time of the decoherent QMS

Theorem (Comparison between the two constants)

Let P be a reversible QMS on B(H), with generator L. Then the DF-log-Sobolev constant
an (L) and the spectral gap \(L) satisfy:

an(£) < AML).
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Functional inequalities for estimating the decoherence time

The decoherence-time of the decoherent QMS

Theorem (Comparison between the two constants)

Let P be a reversible QMS on B(H), with generator L. Then the DF-log-Sobolev constant
an (L) and the spectral gap \(L) satisfy:

an(£) < AML).

The decoherent QMS
Recall the definition of the decoherent QMS:
Pip)=e p+(1—e VEL,
Laeco(p) = EXcle] — -
One has 1
5 < on(Ldeco) = 1= MLdeco):
We obtained the following estimates on the decoherence time:

t2(e) = O(log d),

tis(e) = O(loglog d) .

v
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© L,-regularity
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LL,-regularity of the Dirichlet form

Comparison between the Dirichlet form and the entropy production:

The QMS is called (strongly) LL1-regular if for all p € Dy,

-1 4, _1
EP(p) > 4&c (a(p)) = 4&c (U-r,‘ pz U-rr") .
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LL,-regularity of the Dirichlet form

Comparison between the Dirichlet form and the entropy production:

The QMS is called (strongly) LL1-regular if for all p € Dy,

-1 4, _1
EP(p) > 4&c (a(p)) = 4&c (U-r,‘ pz U-rr") .

o This property is always true for (reversible) classical Markov semigroups;

@ It was proved in certain particular cases for quantum Markov semigroups: unital AND
trace-preserving QMS, Davies QMS and or depolarizing QMS.

Theorem

Assume that the QMS P statisfies the following strong form of Detailed Balance Condition:
THor Pr(X) Y] = THon X Pe(Y)] VX, Y € B(H).
Then P is (strongly) Lp-regular for all p > 1 (1 = % + %):

p2

P 0 (), X)e VX >0.
4(pfl)<p,p() dor >

Ec(kp(X)) < ggp,g(x) = _
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Conclusion and open questions

© Conclusion and open questions

I Functional Inequalities for decoherence time QIP 2018 18 / 20




Conclusion and open questions

Conclusion

Summary:

@ We define two new functional inequalities that are adapted to the study of decoherence
introduced by quantum Markov semigroups;

@ The DF-modified logarithmic Sobolev Inequality can provides a speed-up of a factor log d
(where d is the dimension of the system);

@ We also obtain strong Lp-regularity of the Dirichlet form under a strong form of reversibilty;
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Conclusion and open questions

Conclusion

Summary:

@ We define two new functional inequalities that are adapted to the study of decoherence
introduced by quantum Markov semigroups;

@ The DF-modified logarithmic Sobolev Inequality can provides a speed-up of a factor log d
(where d is the dimension of the system);

@ We also obtain strong Lp-regularity of the Dirichlet form under a strong form of reversibilty;
Open questions:

o Can we use "rapid-decoherence" to prove stability results in passive error corrections
schemes (cf Cubitt, Lucia, Michalakis, Perez-Garcia)?

o Except for one particular situation, we are not able to provide estimates of the modified
log-Sobolev constant: this motivates the study of hypercontractivity for decohering QMS.
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Conclusion and open questions
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