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Quantum Teleportation

Quantum Teleportation: C.H. Bennett et al. PRL 70, 1895-1899
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Port-based Teleportation (PBT)

Port-based Teleportation (PBT):
S. Ishizaka, T. Hiroshima, PRL 101, 240501 (2008)
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Probabilistic and Deterministic PBT

Deterministic Scheme Probabilistic Scheme

@ Set of measurements @ Set of measurements
N, {niy,

@ The state ¢ is always o POVM T[lgy corresponds to
teleported failure

@ Performance is described @ The state 6¢ is teleported
by the entanglement perfectly
fidelity F @ Performance is described

by the probability of
success p

All information are encoded in Port-based Operator
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Applications of PBT

@ New architecture for the universal programmable quantum

processor
S. Ishizaka, T. Hiroshima, PRA 79, 042306 (2009)

o Efficient attacks for position based cryptography
S.Beigi, R. Kénig, NJP 13, 093036 (2011)

@ Violation of Bell inequality from any large quantum advantage
H. Buhrman et al. PNAS 113, 3191-3196 (2016)
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Results for qubits (d = 2)
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Known Results: Deterministic Case

S. Ishizaka, T. Hiroshima, PRA 79, 042306 (2009)
@ Average fidelity f vs. entanglement fidelity F

Fd+1

:d+1 here d =2

@ Maximally entangled states as a resource state

b (M ) (1)
f~1-0(1/N)

@ Optimization over Alice's measurements and resource state

F=cos? — f~1-0(1/N?)

N +2
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Known Results: Deterministic Case

S. Ishizaka, T. Hiroshima, PRA 79, 042306 (2009)

@ Average fidelity f vs. entanglement fidelity F

e Ma

e Opt

QIP2018

Average fidelity 1

0.5

£

 Fd+1

hmwn A __ N

—x

—e— max. entangled & SRM

[ IR RN R R
3 4 5 6 7 8 9 10 11 12
Number of ports N

Optimal Port-based Teleportation in Arbitrary Dimension

7/25



Known Results: Probabilistic Case

S. Ishizaka, T. Hiroshima, PRA 79, 042306 (2009)

o Maximally entangled states as a resource state
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N

@ Optimization over Alice’s measurements and resource state
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Known Results: Probabilistic Case

S. Ishizaka, T. Hiroshima, PRA 79, 042306 (2009)
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Mathematical tools in the qubit case

S. Ishizaka, T. Hiroshima, PRA 79, 042306 (2009)
S. Ishizaka, T. Hiroshima, PRL 101, 240501 (2008)

e Correspondence between qubits and spins 1/2

e Each qubit is 1/2 spin — basis of SU(2)

o In the protocol we have SU(2)®N symmetry — representation
theory, theory of angular momentum

@ Main tolls here: Clebsch-Gordan coefficients + SDP methods
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Known Results for d > 2

Z.-W. Wang, S.L. Braunstein, Sci. Reps 6, 33004 (2016)

@ Solution for an arbitrary d, but N =2,3.4

@ Solution obtained by using a graphical variant of
Temperely-Lieb algebra
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Known Results for d > 2

Z.-W. Wang, S.L. Braunstein, Sci. Reps 6, 33004 (2016)
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Results for d > 2

Results based on:

@ M. Studziniski, S. Strelchuk, M. Mozrzymas, M. Horodecki,
Sci. Rep. 7, 10871 (2017)

@ M. Mozrzymas, M. Studzinski, S. Strelchuk, M. Horodecki,
arXiv: 1707.08456
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Representation Theory of S(n) in a Nutshell

@ Let us take permutation group S(n)
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Representation Theory of S(n) in a Nutshell

@ Let us take permutation group S(n)
e For natural number n we define partition A\ = (A1, \2,..., \/)

ViANZ0, MZAZ--2A S A=n
i=1
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Representation Theory of S(n) in a Nutshell

@ Let us take permutation group S(n)
e For natural number n we define partition A\ = (A1, \2,..., \/)

ViANZ0, MZAZ--2A S A=n
i=1

@ Every sequence can be represented graphically <+ Young
diagrams

HENNEN L]

(4) (3,1) (2,2) (2,1,1) (1,1,1,1)
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Representation Theory of S(n) in a Nutshell

@ Let us take permutation group S(n)
e For natural number n we define partition A\ = (A1, \2,..., \/)

ViANZ0, MZAZ--2A S A=n
i=1

@ Every sequence can be represented graphically <+ Young
diagrams

HENNEN L]

(4) (3,1) (2,2) (2,1,1) (1,1,1,1)

e We denote irreps of S(n) by Greek letters «, 3, u, v etc.
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New Results: Probabilistic Case

@ Maximally entangled state as a resource state

1 . dy
P= "N g my, min_ ——
d N1 p=a+0 my,

e Optimization over Alice’'s measurements and resource state

-1
N+d?2-1

p=1
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New Results: Probabilistic Case
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New Results: Deterministic Case

o Maximally entangled state as a resource state

2

1
F=—i Yol DS Vdumy,

aFN—-1 \ p=o+0

@ Optimization over Alice’s measurements and resource state

1
F= 25 lIMf,

where Mg is the teleportation matrix.
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New Results: Deterministic Case

o Maximally entangled state as a resource state
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New Results: Teleportation Matrix
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Figure: Teleportation Matrix for
Figure: Teleportation Matrix for N = 5 with principal
N=234 submatrices.
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Spectrum of Teleportation Matrix

We have two cases:

@ d > N - it is enough to compute maximal eigenvalue of Mg

N
spec Mg ={0,1,2,...,N —2, N} so F:?

@ d < N - we have to consider principal submatrices M,‘_f of ME.
For d = 2 we know analytical expression.
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Spectrum of Teleportation Matrix
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Spectrum of Teleportation Matrix
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Path to Solution for d > 2

Results based on:

@ M. Studziniski, S. Strelchuk, M. Mozrzymas, M. Horodecki,
Sci. Rep. 7, 10871 (2017)

@ M. Mozrzymas, M. Studzinski, S. Strelchuk, M. Horodecki,
arXiv: 1707.08456
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Natural Symmetries in PBT

N
———
U'oU®---@U

Alice Bob

__I3+]
dl B1
| "
&I By n = N + 17
N — number of ports,
JCD_;{I By n — N + teleported particle
i

© Projection onto maximally entangled state
[g) = 2 0 1K) ® [K)
@ The state [¢}) is U* ® U invariant

© Measurements on Alice's side have natural U* @ U® ---®@ U
symmetry
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Natural Symmetries in PBT

|¢d \FZ“( ®|k

@ Description of the commutant of U* ® U® --- ® U is needed
@ Complex conjugation translates into partial transpose

© The commutant is spanned by the operators
Vin(o) : o € S(n) = Al(n) where (n= N+ 1)

Vio)len© e, ®---@e,) =lei _,, ®e _,, @ Qe _, )

Q V() =dP, =dlyf) (] ®1
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Rigorous Definition of Algebra A%(n)

Definition
For An(d) = Spanc{V(o) : 0 € S(n)} we define a new complex
algebra

Al (n) := Spanc{V(0)" : 0 € S(n)} C Hom((C?)®"),

where the symbol t,, describes the partial transpose in the last
place in the space Hom((C9)®"). The elements V(o)™ : o € S(n)
will be called natural generators of the algebra A% (n).

V(kn)V(kn) =1 V(kn)™V(kn)t™ = dV/(kn)™
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Structure of Algebra A7 (n)

Af(n) = M&N,  support(p) = M

Tl S(n—1) M

S
Blocks

labeled by
S(n—2)
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Spectral Decomposition of PBT Operator

Spectral decomposition of PBT operator
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Irreducible Representations of Algebra A% (n)

LemET g B projects onto the space of irreps
b T . - .
. M *~.  «a of M consisting of m,, copies

projector on m,, -d

copies of irreps p

_—

F,(a) projects ol s T

my, copies of the irep p my - d — my, irreps p that

|:| K (" are outside of algebra M
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A Few Words More About Teleportation Matrix Mg

@ Deeper connection with S(N):

TT(C)MeT(C) = diag(0,1,2,...,N — 2, N)

MeT(C) = kT(C) & > (Mr)ux*(C) = kx"(C)

@ Optimal POVMs are connected with eigenvectors of
Teleportation Matrix:

M=o, M dNZZ,/mO‘V“F(a)
i = Mo, =— - ;
\/N a pea da m“ 8

fori=1,...,N.
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