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The Fawzi-Renner bound (see previous talk)

» Von Neuman entropy H(pa) = H(A), =: —tr(palogpa)

» Quantum conditional mutual information
I(A: C|B), = H(AB) + H(BC), — H(ABC), — H(B),

» Fidelity F(p,0) := H\f\le [0, 1]

Theorem: For any pagc there exists Rg_,g¢c such that

I(A: C|B), > —2log F(pasc, Re—sc(pag)) >0
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I(A: C|B), > —2log F(pasc, Re—sc(pag)) >0

Remarks:
» Strong subadditivity /(A : C|B), > 0 [Lieb-Ruskai-73]
» Quantum Markov chains (QMC) pagc s.t. IRp_Bc s-t.
pasc = Re—pc(pag)
> pagc is QMC <= [(A: C|B), = 0 [Petz-88]
> /(A : C‘B)p < e then IRpg_.gc s.t. pagc =« RBﬁgc(pAB)
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The Fawzi-Renner bound (con't)

Theorem: For any pasc there exists Rg_,gc such that

I(A: C|B), > —2log F(pasc, Re—sc(pas)) >0 (1)

11 L 1
Re_pc : Xg — Vacpie(pg? UsXaULpg? @idc)pie Ve
» Vpgc and Ug unknown unitaries that could depend on pagc

D(pllo) = tr(plogp) — tr(plogo) if supp(p) C supp(o)
Plia) +00 otherwise

Monotonicity of relative entropy (data processing inequality)
D(pllo) = DN (p)IN (o)) = 0
Let p = pagc, 0 = pac, and N(-) = trc(-)
D(pllo) = DN (p)|N (o)) = I(A: C|B),



The Fawzi-Renner bound (con't)

Theorem: For any pasc there exists Rg_,gc such that
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Theorem: For any p, o, N we have

D(pllo) = DN (p)|N (o)) = —2log F(p, (Ron 0 N)(p))

where
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Main result

Theorem: For any p, o, N we have

D(pllo) = DN (p)IN(0)) > —2log F(p, (Ron 0 N)(p))
where

Rew() = [ defo(t) RE ()

with

Ry 2 Xg > 02 N (N (0) "2 Xg N (o) 7271 02 HE
and a probability density

Bo(t) := %(cosh(wt) +1) -

To prove the theorem we need interpolation theory



Stein-Hirschman operator interpolation theorem
Strengthening of the Hadamard three lines theorem
» S:={ze€C:0<Re(z) <1}
» L(H) is the space of bounded linear operators acting on H
» Let G: S — L(H) be
» bounded on S
» holomorphic on S
» continuous on the boundary 05

» Let 6 € (0,1) and p—19 = 1/);09 + % where pg, p1 € [1, 0]
log || G(0)]|,, <

[t (ante)tog 160, "+ Ao(e)og | 6(1 +i0) )

with
_ sin(76)
ag(t) = 2(1 — ) [cosh(mt) — cos(m8)]
Bo(): sin(76)

T 20 [cosh(7t) + cos(70)]



Proof sketch of Recoverability Theorem

1. Tune parameters
» Let U be the Stinespring isometry corresponding to N/
> Pick G(z) := (N (p)iN(0) "3 @ Ig) Uaip?
> Pick pp =2, pp=1,0€(0,1) = py = 25
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Proof sketch of Recoverability Theorem

1. Tune parameters
» Let U be the Stinespring isometry corresponding to N/
> Pick G(z) := (N (p)iN(0) "3 @ Ig) Uaip?
> Pick pp =2, pp=1,0€(0,1) = py = 25

2. Evaluate norms

~ GG, < |[oF |, =1

2

> 16 (i)l = F(p, (R o N)(p))
3. Apply the Stein-Hirschman theorem

log H </\/(p)g/\/'(a)_g ® IE) Uoip2

2/(1+90)
%

S/Rdt Be(t) logF(m (RE,NON)(/J))

4. Final step
» Multiply both sides by f% and consider 6 | 0



Remarks about the Recoverability Theorem

Theorem: For any p, o, N we have
D(pllo) — DN (p)IN(0)) = —2log F(p, (Ron o N)(p))

where
Ron(-) 3=/Rdtﬁo(f)73§,/v(')

> p density operator on a separable Hilbert space A
» o non-negative operator on A
N TPCP map from A to a separable Hilbert space B

v

v

Ro,n does not depend on p = universality property

» For p = pagc, 0 = pgc and N(-) = trc(-) we have
D(pllo) — DIN(p)IN (o)) = I(A: C|B),

= FR-bound with explicit and universal recovery map.
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Tighten the bound?

Theorem: For any p, o, N we have
D(pllo) = D(N(p)IN (0)) > —2log F(p, (Ron o N)(p))
> D(pllo) > —2log F(p,0)
Dream: For any p, 0, N there exits R,z such that

D(pllo) = DIN(p)IIN(2)) = D(pll(Ron 0 N)(p))

» Not clear how to prove it ®



Tighten the bound?

Theorem: For any p, o, N we have

D(pllo) — DN (p)IN(0)) = —2log F(p, (Ron o N)(p))

> D(pllo) > —2log F(p,0)
Dream: For any p, 0, N there exits R,z such that

D(pllo) = DIN(p)IIN(2)) = D(pll(Ron 0 N)(p))

» Not clear how to prove it ®

» Measured relative entropy

Dyi(pllo) == sup{ HM Ztr
with ZM = |d}

> D(pllo) = Du(pllo) = —2log F(p, o)



Second result (see also [S-Tomamichel-Harrow-15])




Second result (see also [S-Tomamichel-Harrow-15])

Theorem: For any o, N there exists R, A such that for any p

D(pllo) = DIN(p)IIN (o)) > Du(pll(Ron o N)(p))
> —2log F(p, (Ron o N)(p))

v

R A does not depend on p (— it is universal)

» R, N is not known explicitly

v

Totally different proof technique
» Pinching maps
» Variational formula of (measured) relative entropy
» Sion's minimax theorem

v

see also [Branddo-Harrow-Oppenheim-Strelchuk-14]



Schematic overview of different proofs
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Schematic overview of different proofs
e Fawzi-Renner (October 2014)

e Brandao-Harrow-Oppenheim-Strelchuk (November 2014)

e Berta-Tomamichel (February 2015)
e Wilde (May 2015)
e S-Tomamichel-Harrow (July 2015)

e Junge-Renner-S-Wilde-Winter (September 2015)

1l

| I(A: C|B) properties fidelity de Finetti

1

m%n B(PABC”R()O%E))

- . A (2 (2
n"_[go nmin D(pagclIR(Pag))

state redistribution de Finetti SDP

pinching maps properties relative entropy

Hadamard three-lines theorem

Stein-Hirschman theorem




Summary

» Two different measures of correlations

» Conditional mutual information (information theoretic, easy to
compute)
» Recoverability (operational, more difficult to evaluate)

» FR-bound (and its follow up versions) provides a link
» Can we prove a remainder term in terms of a relative entropy?

» Does the Petz recovery map satisfy all the bounds seen in this
talk?

» Can we prove an upper bound for the conditional mutual
information with a similar form as the FR-lower-bound? (see
[Wilde-15] for partial progress)

arXiv:1504.07251 arXiv:1505.04661 arXiv:1509.07127



Proof sketch [S-Tomamichel-Harrow-15]

Thm : D(pllo) — DN (p) [N (9)) = Du(pll(R o N)(p))

> For H =) Axx)x| let Py:=3_ .\ _\[x)}x| and define the
pinching map

Prt X Y PAXPy
A€spec(H)

» Pinching recovery map R/

X 5 (02)*"Pyen (WD (M(0)™3) " Poyn (X)W (0) 2) ] ) (03)°"

Lem : D(p[lo) — DIN(p)[|N () = lim inf %D(p‘g’"ll(RZ,N o N¥"(p%"))



Proof sketch [S-Tomamichel-Harrow-15] (con't)

Lem : D(pllo) — D(N(p)[|N(0)) = liminf %D(p‘@"H(RZ,N o N¥"(p°"))

v

Pr(X) commutes with H
Pinching inequality: Pp(X) > |spec(H)\X for all X € Pos(A)

v

v

For any p € Pos(A) we have |spec(p®™)| = O(poly(n))
Operator logarithm is concave and monotone

tr(NV(p)log o) < tr(plog N'(0))

v

v

- n . _ 1 1 719 ®n .
Lem: Reel-) = oy [0 g [ de (T50°"()

with

723’\? : Xg— U?J%/\/’]L (J\/'(J)_% U;\D/(J)XB UK/T(U)N(U)_%)U% Al



Proof sketch [S-Tomamichel-Harrow-15] (con't)

/ u(do)a®”) > min Ds (pH / V(da)o)

Combining these three lemmas gives

1
Lem : ;DM (p®”

D(pllo) = DIN(p)IN(0))

.1 ®n n ®n( &n

> liminf —D (p®"[|(Rgzr 0 N*"(7"))

= liminf ED P& L / dﬁl/ d@(ﬂj\lfg)égn(/\/(ﬂ)@n)
n—oo n (27'[')d1 [0727r]><d1(27T)d2 [072ﬂ.]><d2 o

1 1 1
> liminf = ®@n / 49 / do(TEEE (N (p)En
2 DM(” 1@ Jo a1 S TN )>

n—oo n
> min Du (pl| (737 © N)(0))




