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Information theory: optimal rates
in sending, storing, processing data
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Entropy formulas quantify the
answers

H(XY)

* H(X) = - Zx Px |Og Px
* H(p)=-Trplog p

* Optimal Compression: H(X) H(X) H(Y)
« Schumacher Compression: H(P)
» Classical Channel capacity: max I(X;Y)

10X,Y) = HOX)+ H(Y) = H(XY)

* Quantum Communication: max {H(B) — H(E)}
* Private capacity: max {l(V;B)-I(V;E)}



Additivity lets us calculate answers

Classical Capacity of Classical Channel



Nonadditivity is the rule
Especially quantumly

« (Good: Better rates, e.g., for classical and
guantum communication.

- Bad:
Mostly don’t know
capacities, distillable
entanglement, etc.

Have upper and lower
bounds that are
far apart.
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Entropy formulas

Quantum channel: unitary interaction with a
Inaccessible environment

|0

pA— UN :E

Entropy formula : linear combination of entropies

foalUnsdvivoa) = Y. asH(s),
SEP(VlvnBE)

with 2vi.viee = (1@ Ux)ov, v, a(I @ UL)

Maximized version: | fo(Unv) = max fo(Un,dvy. v, 4)

PVy...Vp A

Additivity: | 1. Uy, @ Un,) = £o(Un) + FulUns)



Additivity Proofs

foz(UN) = nax foz(U./\/‘vd)Vl...VnA)

QZ)V]_ ...V;lA

fa(UnsOvy. v, a) = Z o H (S)p
s€P(V;...V, BE)

* Enough to show subadditive:

additive: fa<UN1 & UN2> — fOé<UN1) T fOé(UNQ)

“>” is obvious |

subadditive: | f.(Ux. © Une) < fulUns) + fa(Uns)

I

f'()é(UNl ® UNQ“QJ)T2> g j(Y<UN1‘ql)1<) —|— fCY(UNQ‘d);)



Standard Additivity Proof
 Additivity proofs: two key steps
b1
0

2) Apply entropy inequalities to show
f.Cilf(U./\ﬂ X UMga (./)12) < j(Y(UJ\ﬂ ) (Bl) + f‘(Y(UMzﬁéQ)

1) Decoupling: 912

+ We call fo uniformly (sub)-additive
under the given decoupling. The set of all
such formulas are called the additive cone.



A canonical example

* Entanglement assisted capacity:

Cea(N) = maxy, , I(V; B)
1) Decoupling DA, = PV By (A,
¢VA1A2 7

Pyra, = Pva,
2) Entropy inequality

I(V;B1B) =I1(V;B,) + I(V; B3| By)
= I(V;B1)+ I(VB1;Bs) — I(By; Bs)
< I(V, Bl) —+ I(VBl; BQ) < Cea(J\/’D + Cea(-N2)
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Decoupling

* We focus on "standard decoupling”.

Vi=MyV;, M,eP(BEy); V;=MV;,, M eP(BE)

« Example
Vi=ViBy, Vo = VaoEy, V3= Vs

Vi=WVi, Vo = VoB Ey, Vs = Vs



Entropy Inequalities

» Strong subadditivity:
1(A;B|C) = H(AC)+ H(BC)-H(ABC)-H(C)>=0
[H(A)>=0, H(A)+H(B)-H(AB)>=0, H(AB)+H(A)-H(B)>=0,
H(AB)+H(AC)-H(B)-H(C)>=0]

* There may be more, but we don’'t know
them! (Classically, there is more: H(A|B)>=0, Non-
Shannon inequalities.)

 Luckily, we don't need them A *



Zero Auxiliary Variable

faWN,¢4) = apH(B) +apH(E)+ appH(BE)
Decoupling: ¢4, 4, — (¢a,,PA,)
17 = {fa | fa(Uny @ Uny, 0a14,) < folUnys 0ay) + fa(Uny, Ga,)}

Result: | full characterization of 11°¢

I1° Rays IT9 Faces
fa =MH(B)+ \H(E)

+ \3H(B|E) + MH(E|B)

ap +apg >0

ap +apg >0

Ai 20 ap +ag +apg >0
apg > 0.
Anything inside the cone
\('\________7('/ . . g
N 7 is uniformly additive.
ia\_l_\v_%/_/_/___g, Outside the cone, there is
fa el A state that makes f,, not

S subadditive.



One Auxiliary Variable

At first, consider
faV(N, QbVA) = OévH(V) —+ OéBvH<BV) —+ OéEvH(EV) + OéBEvH<BEV)
/F ix a standard decoupling: \

V € {V, B3V, E5V, BoE;V} and

V € {V,B.V,E\V,B,E,V}

These are labeled by (a,b) a,b = 03/

for each decoupling (a,b), define the additive cone:
HV‘ (a,b) —

{f aV | f aV ((]./\/"1 X ("’T./V'Q ) (*)VAl As ) S f aV (UT./V"l ) (*)f’ A1 ) a5 f aV (DT./\[ 29 ()\A’ Ao )}

We give a full characterization of I1">(@:%)



One Auxiliary Variable

The additive cone HV’(avb)

case | (a,b) | M, M, equivalents Additive Cone Extreme Rays
ay +apy +agy >0 —H(E|BV)
ay +apy >0 —H(E\V
1. | (3,3) | BiE:1 | B2Es (0,0) o S0 - H((B| LE‘))
ay >0 —H(B|V)
(2,3), (3, 1) “H(BEV)
2. (3,2) | BiE, | FE» (1,3),(1,0),(0,1) apv =0 +H(B|EV)
(2,0), (0,2) av +apy 20 _H(B|V)
e H(E|BV)
3. (3,0) | BiEy | ¢ (0,3) aEV Z0 —H(E|V)
BV = +H(BE|V)
aApy = 0
apgpy 20
e >0 +[H(EV) - H(BV)]
D. (1,2) B Es (2,1) ay >0 H(E|BV)

—H(E|V)




fa@ :
Jav -

Result:

08 .
0.8

0.4

One Auxiliary Variable

fa — fozQ -+ faV

fa(Uyx) UA. wr.t. (a,b)

OJBH<B) + OJEH(E) + OzBEH(BE)
OévH(V) + OéBvH(BV) + OéEvH(EV) -+ OéBEvH(BEV)

iff  faz €17 & fov € IIV:(@D)

HV,(CL,b)

case | (a,b) My Mo equivalents Additive Cone Extreme Rays
ay +apy +agy 20 —~H(E Btv)
p n o ay +apy =0 7H(EH")
1 (3,3) | BiE, | BoEs (0.0) P CH(B|EV)
v ay >0 —H(B|V)
N — Y 2,3, 3,1) o “H(BE|V)
N A 2. (32) | B1E, | Es (1,3),(1,0),(0,1) N A+”:') R +H(B|EV)
T ) (2,0), (0,2) v+asy = _H(B|V)
4 K el = H(E|BV)
SN v | 30) | BB | 6 (0.3) apy < —H(E|V)
/ 3 apy <0 I ,
i (BE|V)
\—_\: __?L____/;:l),, agy =0 —H(B|V)
g 4 L) | B B (2.2) ay >0 f
H(E|BV)
iy agpy >0
% SR I L[H(EV) — H(BV)]
0ol W A 5 12| B | E 2,1) apey 20 H(E|BV)
05 \x,_\\ g ay =0 —H(E|V)




Many Auxiliary Variables (of number n)

foo = ZSEP(Vl...Vn) fas

fos = OJSH(S) + OJBSH(BS) -+ OéEsH(ES) + ()zBEsl‘I(BES)

(e.g., when n=2, Ja = faz + fovi + fave + favive )

Result:

fa(UN) UA. wr.t. ((11, bl) i (Cl:.n,, bn)

iff  f,s € [I5(asbs)

HV,(a,b)

case | (a,b) M, M, equivalents Additive Cone Extreme Rays
ay +apy +agy 20 —~H(E BV)
p N ay +apy =0 —H(E|V)
} 1 (3,3) | B1E, | BoE (0,0) oy + amy > 0 _H(B Jw)
N ay >0 —H(B|V)
08 . \ oS # (2,3),(3,1) oo <0 —H(BE|V)
. N T A 2 (32) | BiE, | Es (1,3),(1,0),(0,1) o +”(") S0 +H(B|EV)
< ) \ L0 (2,0),(0,2) v TaBy = —H(B|V)
o | /b T H(ETBV)
o S 3 (3,0) | B1E; ) (0,3) QM,, <0 —H(E|V)
02 = / | BV = +H(BE|V)
RSEET B agy =0 .
o > ‘\‘\; L/.'--’ i 4 (L) | By Bs (2,2) ay >0 H?’LE\%E;
B e appy 2 0
05 e S i H[H(EV) — H(BV)]
P oee e oS W 50 2| B | E 2,1) amey =0 H(E|BV)
S oS av = —H(E|V)

fozS,S#@
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Non-standard Decouplings
¢x71...x7,,,,A1

Ny e NQ ¢V1Vn142

.................... |
(¢V1 Vi B1E1A27 ¢V1 Va B2E2A1)

« Standard decoupling (a special relabeling)

Vi = MyVi, My e P(ByEy); V;=DMNM,V;, M €P(BE)
» Consistent Decoupling (general relabeling)

Vi € P(V1..V,,Bo ) with V; NV, = &;

Vie P(V1..V,B1Ey) with V; NV, = @.

example:  y, — VoBo, Vo = V3B, Vs =V,
Vi =VaV3,Va = By, V3 =



Non-standard Decouplings

Result: Among consistent decouplings,
standard ones suffice.

(V) fa(Unry @v, ... v, ) being uniformly subadditive
w.r.t. a consistent decoupling,
() f8(Uns0vy.. v, a) with m < n, being uniformly subadditive

w.r.t. a standard decoupling, such that

max  fo(Un,0v, v,a)= max [fa3(Un,ov,.v,,4).
OVy..VpA OVy{...Vim A
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Completely Coherent Information

case | (a,b) | M My equivalents Additive Cone Extreme Rays
ay +apy +agy >0 —H(FE|BV)
ay + agy >0 —H(E|V
L 63| BB | BB, (0,0) ovtany 28 - H(Eﬂ [E‘))
ay >0 —H(B|V)
(2,3),(3, 1) -0 —H(BE[V)
2. | 32) | BiE1 | E» | (1,3),(1,0),(0,1) BV = +H(B|EV)
(2,0),(0,2) avtasy =0 _H(B|V)
e H(EBV)
3. | (30) | BLE, | ¢ (0,3) oY 2 0 —H(E|V)
ABY = +H(BE|V)
aApy = 0
¢ |lan| B | B (2,2) ay >0 H@E@Q
appy > 0
+[H(EV) — H(BV)]
5. 12| B | B (2.1) appy 20 H(E|BV)
oy Z 0

—H(E|V)




Completely Coherent Information

case | (a,b) | M My equivalents Additive Cone Extreme Rays
ay +apy +agy >0 —H(FE|BV)
ay +apy >0 —H(E|V)
1. (3,3) | B1Ey | BoFEs (0,0) oy + apy > 0 _H(B|EV)
ay >0 —H(B|V)
2. (3,2) | BLE, | E (1,3),(1,0),(0,1) N fg S0 +H(B|EV)
(270)7 (072) v BY = _H(B|V)
i <0 H(E|BV)
3. | (30) | BiEL | ¢ (0,3) U2 —H(E|V)
BV = +H(BE|V)
agy =0
—H(B|V)
appv 20
+[H(EV)— H(BV)]
aBEV 2 O I/ 721 11 7\
5. (1,2) Bl E2 (2,1) aV 2 O LI\ LTV

—H(E|V)




Completely Coherent Information
I°°(N) = maxg, ,[H(VB) — H(VE)]

properties:

« Symmetricin B=—E.
« Lower bound for cost of swapping B and E.

[J. Oppenheim and A. Winter, arXiv:quant-ph/0511082]

» Upper bound for simultaneous quantum communication
rate to B and E.

« For degradable channels, Ic<¢(N) = Q(N) = QM"(N) .
« WANT: operational meaning.
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A Classical-Quantum Coincidence

we can do this whole game for classical
entropy formulas too.

we get exactly the same set of uniformly
additive functions.

Could have been more, since there are
more classical inequalities: H(X|Y) >=0.

But uniform additivity only uses strong
subadditivity.



Open Questions

Additivity other than uniform additivity?

b
More general decouplings? 12 Y

Completely coherent information:
operational meaning?

Understand classical-quantum
correspondence better.



Thank you!



