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Given a set of multipartite entangled states, can we find a common state to prepare them
by local operations and classical communication? Such a state, if exists, will be a common
resource for this set of states. We completely solve this problem for bipartite pure states
case by explicitly constructing a unique optimal common resource state for any given set
of states. For multipartite setting the problem is quite complicated, so we are interested in
finding nontrivial common resources for the whole multipartite state spaces. We show that

|GHZ3) = 1//3(|000) + |111) + |222)) is a nontrivial common resource for 3-qubit systems.

The problem of transforming one entangled state to another by local operations and classical
communication (LOCC) is of central importance in quantum entanglement theory. This prob-
lem has been studied extensively in last two decades, and many interesting results have been
reported. Notably, Nielsen pointed out that local transformations between bipartite pure states
can be completely characterized by an algebraic relation of majorization between their Schmidt
coefficient vectors [1]. The majorization characterization can be extended to a class of multipar-
tite pure states having Schmidt decompositions [2]. Unfortunately, a Schmidt decomposition for a
generic multipartite pure state doesn’t exist. So it is still an open problem to determine whether
a multipartite pure state can be transformed into another one by LOCC except for some special
cases.

For some multipartite state spaces, we can actually find special entangled states that can be
transformed into any other state in the same state space. These kind of states are called maximally
entangled states [3]. Such state spaces have the property that the dimension of one subsystem is
equal to or larger than the product of dimensions of all other subsystems. As a simple corollary,
there is no maximally entangled state in three-qubit system. Even stronger, it has been shown
that 3-qubit states can be entangled in two different ways even under a coarse version of LOCC,
namely, stochastic local operations and classical communication (SLOCC): the so-called W-type

states and Greenberge—Horn—Zeilinger (GHZ)-type states [4]. However, we can obtain a W-type



state from any GHZ-type state via SLOCC with a rate asymptotically approaching unity if multi-
copy transformation is allowed [5].

To the best of our knowledge, an interesting problem has never been researched even for bipartite
case. This problem can be best described in the following scenario. Assume that Alice and Bob
often do different quantum entanglement experiments together. Each time they will use different
entangled state. They want to prepare a certain state, instead of preparing all required states,
which can be transformed into any state they want in the experiment by LOCC. So the question is:
when we have a given set of pure states, is there a certain state which can be locally transformed
into all of them? Answers to this question for bipartite case are given explicitly in this paper. In
addition, we study the case when the set of target states is whole system. If the dimension of one
subsystem is not smaller than the product of all the other subsystems’ dimensions, this kind of
states always exist [3]. Bell states are just such examples, which can be transformed into any pure
state in 2-qubit system. This kind of states can also exist in those quantum systems where the
largest dimension of subsystems is less than the product of other dimensions. Interestingly, we find
a non-trivial state |GHZ3) = %(\OOO} + [111) 4 |222)) which can be transformed into any 3-qubit
pure state by LOCC.

Let us now formulate our problem. Let S = {|¢1),|1)2), -} be a set of (multipartite) states,
possibly infinite. A common resource state [¢)) to S can be transformed into any state in S by
LOCC. We say |¢) an optimal common resource (OCR) if for any other common resource |¢)
we have either |¢) can be transformed into |¢)) by LOCC, or |¢) and |¢) are not comparable
under LOCC. In general, it is a hard problem to find OCR for a set of multipartite states. For
bipartite pure states, majorization characterizes the LOCC transformation between two pure state
[1]. Given a bipartite pure state |¢)), \¥ denotes a probability vector whose entries are in descending
order of the Schmidt coefficients of [1). If \Y = (z1,---,24) and X\? = (y1,--- ,yq) satisfy i)
Vk,1 < k < d, i x; < i Yyj, 14) Zd: Tj = i y;, we say that A¥ is majorized by A? and write
AV < A9 Nielsejn_ 1estaublisj}:eld the fojlfowing fé;ljiamental result: A bipartite pure state [¢)) can be
transformed to another pure state |¢) by LOCC if and only if AY < \? [1].

Nielsen’s result together with the properties of majorization leads us to an explicit construction

of the unique OCR of a set of bipartite pure states.

Theorem 1. Let S = {|¢;),i € I} be a set of d ® d pure states, where I is an index set (finite

or infinite). Assume that the Schmidt coefficient vector of |¢;) is given by Ay, = (xgi), e ,xl(;)).

Then if I is a finite set, the OCR for S always exists and is unique. The OCR state |¢) is given



by A"/J = (yh' T 7yd)7 where
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Furthermore, if I is infinite, the min sign in above equations should be replaced with inf.

Let us consider an example example to demonstrate the application of the above theorem. Let

the d—dimensional bipartite target set be S, = {|¢) )\‘f > a} , where a > 1/d. Then an OCR |¢))

for S, can be chosen as such that \¥ = (a, =2, 1=2 ... 1=2¢) The maximal entangled state
10 d—1 d—1
d—1
ﬁ > |kk) is always a common resource but usually not optimal.
k=0

We shall now move to multipartite setting, and consider the problem “what is the common
resource of the whole system”. For n—partite quantum system dy ® -+ ® d,, where di > dy >
- > d,, the maximal entangled state exists, in the sense that all other states in the system
can be obtained from the state by LOCC, if and only if d; > ﬁ d; [3]. For instance, the state
(/000 +|101) +[210) +|311)) is an OCR of tripartite H4®Hs ®7f(:225ystem. Interestingly, the OCR

exists even if any sub-system’s dimension is less than the product of other sub-system’s dimensions.
Theorem 2. |GHZ3) = %HOOO) +|111) + |222)) is a common resource of 3—qubit system.

In conclusion, we introduce a notion of optimal common resource for a set of entangled states,
and explicitly construct it for any bipartite pure state set. We also show that |GH Z3) state is
a nontrivial common resource for 3-qubit system, and conjecture its optimality. We hope this

problem will stimulate further research interest in entanglement transformation theory.
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