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Abstract

In the context of multiplayer games, the parallel repetition problem can be phrased as follows:
given a game G with optimal winning probability 1 — « and its repeated version G™ (in which n
games are played together, in parallel), can the players use strategies that are substantially better
than ones in which each game is played independently? This question is relevant in physics for the
study of correlations and plays an important role in computer science in the context of complexity
and cryptography. In this work the case of multiplayer non-signalling games is considered, i.e., the
only restriction on the players is that they are not allowed to communicate during the game. For
complete-support games (games where all possible combinations of questions have non-zero probability
to be asked) with any number of players we prove a threshold theorem stating that the probability
that non-signalling players win more than a fraction 1 — « + 8 of the n games is exponentially small
in n32, for every 0 < 8 < . For games with incomplete support we derive a similar statement, for a
slightly modified form of repetition. The result is proved using a new technique, based on a recent de
Finetti theorem, which allows us to avoid central technical difficulties that arise in standard proofs of
parallel repetition theorems.

Motivation — the question of parallel repetition

Multiplayer games are relevant in many areas of both theoretical physics and theoretical computer science.
In physics, multiplayer games give an intuitive way to study the role and implications of entanglement
and correlations, e.g., in the setting of Bell inequalities |2|3]. In computer science such games arise as an
important tool in the context of complexity [4-6] and cryptography [7,8].

Depending on the context, one can analyse any game under different restrictions on the players (in
addition to not being allowed to communicate). In classical computer science the players are usually
assumed to have only local resources, or strategies, and shared randomness. In contrast, one can also
consider quantum strategies. Before the game starts the players create a multipartite quantum state.
When the game begins each player locally measures their own part of the state and base the answer on
their measurement result. An even more general set of strategies is the set where the players can use any
type of correlations that do not allow them to communicate, also called non-signalling correlations. That
is, the only restriction on the players is that they are not allowed to communicate.

Considering the non-signalling case is interesting for several reasons. A first reason is to minimise
the set of assumptions to the mere necessary one. Indeed, if the players are allowed to communicate by
sending signals they can win any game. Minimising the set of assumptions can be useful in cryptography
when one wishes to get the strongest result possible, without restricting the uncontrolled malicious parties
(as in |9-11] for example). Moreover, from the point of view of theoretical physics, it allows a study of
correlations without assuming anything about quantum physics to begin with. It is also important to
mention that, due to the linearity of the non-signalling constraints, the non-signalling case is often easier
to analyse than the quantum or the classical case. Hence, considering it can sometimes serve as a way to
get first bounds on quantum and classical strategies, or to gain some new intuition and insights.

When considering multiplayer games, an interesting question is the question of parallel repetition:
given a game GG with optimal winning probability 1 — «, can the players win more than a fraction 1 — «
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of the n repetitions of G (when played together, in parallel) with non-negligible probability? A negative
answer to this question will tell us that “one cannot fight independence with correlations”. As long as the
questions are asked, and the answers are verified, in an independent way, creating correlations between
the different answers using a correlated strategy cannot help much.

Related work. Recently, closely following the proof technique of |12}114] which was used to prove parallel
repetition results for two-player classical and non-signalling games, a threshold theorem for multiplayer
non-signalling complete-support games, i.e., games where all possible combinations of questions to the
players must have non-zero probability of being asked, was proven in |15]. This was the first and only
result where more than two players were considered (in both the classical, quantum and non-signalling
case). The question of parallel repetition in the quantum case is less understood. All currently known
results (e.g., [16-21]) deal with limited classes of two-player games and no general proof is known.

de Finetti theorems in the context of parallel repetition. The main difficulty in proving a parallel
repetition result comes from the arbitrary correlations that the players introduce between the different
question-answers pairs. Yet, there is one symmetry which one can take advantage of but is usually ignored
— permutation invariance symmetry. As the game G™ itself is invariant under joint permutation of the
tuples of questions and answers, we can restrict our attention to permutation-invariant strategies, strategies
which are indifferent to the ordering of the questions given by the referee, without loss of generality.

Once we restrict our attention to permutation-invariant strategies, de Finetti theorems seem like a
natural tool. A de Finetti theorem is any type of theorem which relates any permutation-invariant state
to a more structured state, having the form of a convex combination of independent and identically
distributed (i.i.d.) states, called a de Finetti state. There are many different types of de Finetti theorems
(e.g., [22128|) but the common feature of all de Finetti theorems is that they enable a substantially
simplified analysis of information-processing tasks by exploiting permutation invariance symmetry (as
in [26}27,29-31]).

In the context of games and strategies, de Finetti theorems suggest one may be able to reduce the
analysis of general permutation-invariant strategies to the analysis of a de Finetti strategy, i.e., a convex
combination of i.i.d. strategies. As the behaviour of i.i.d. strategies is trivial under parallel repetition, a
reduction of this type could simplify the analysis of parallel repetition theorems and threshold theorems.

Yet, de Finetti theorems were not used in the past in this context, and for a good reason. The many
versions of quantum de Finetti theorems (e.g., [25,[27]) could not have been used as they depend on the
dimension of the underlying quantum strategies, while in the multiplayer game setting one does not wish
to restrict the dimension. Non-signalling de Finetti theorems, as in [32,33], were also not applicable for
non-signalling parallel repetition theorems (for details see |1]). In this work we use the recent de Finetti
theorem of [28], which imposes no assumptions at all regarding the structure of the strategies (apart from
permutation invariance), and is therefore applicable in the context of parallel repetition.

Our contribution — the results and their importance

We prove the following threshold theorem for the n-fold repetition of any complete-support m-player
non-signalling game (and a slightly modified theorem for games with incomplete-support, see [1]).

Theorem. For any complete-support game G with optimal non-signalling winning probability 1 — a there
exist C1(G,n) and Co(G), where C1(G,n) is polynomial in the number of repetitions n, such that for every
0 < B < a and large enough number of repetitions, the probability that non-signalling players win more
than a fraction 1 — o+ B of n questions in the repeated game G™ is at most C1(G,n) exp [—CQ(G)nﬁQ].

That is, for large enough number of repetitions the probability to win more than a fraction 1 —a+ 3 of
the n games is exponentially small. The constant C (G, n) is such that C1 (G, n) < 10m|Q||A| (n + 1)2(</4I=1)
where m is the number of players, and |Q| and |A| are the number of possible questions and answers,



respectively, in G. C(G) is a finite constant that can be computed by solving a polynomial-size linear
program. A sufficient condition on n for the theorem to hold is n = Q (]Q\ |A|g—§ In?(]Q| ]A\%Q)) As far as

we are aware, this is the first threshold theorem where optimal dependency on § (as follows from optimal
formulations of the Chernoff bound) is achieved. For further details and a complete comparison between
the exponential bound we prove and the previously known bound of |15], see Section IA in [1].

In addition to the bound itself, our most important contribution is a new proof technique. While most
of the known parallel repetition results build on the proof technique of |12] we give a different proof, with
ideas emerging from quantum information theory, such as de Finetti theorems and quantum tomography.

Apart from allowing a different point of view on the question of parallel repetition, and the study of
correlations in general, the new proof technique has several advantages over previous proofs. For instance,
our proof technique allows us to avoid the usual difficulties which arise in proofs of parallel repetition
theorems, such as conditioning on some of the questions and answers or considering an arbitrary number
of players. In this sense our proof can be seen as more natural than previous proofs, and therefore more
likely to be extendable to the classical and quantum multiplayer cases as well.

We stress that de Finetti theorems are very general and come in many flavours; in addition to its
intrinsic interest we think of the present application to parallel repetition as a further demonstration of
their strength, and we expect it to find further extensions in the future.

Main ideas of the proof. A strategy for G is a conditional probability distribution Oy : A x Q —
[0, 1], where ¢ is an m-tuple question in the game and a is an m-tuple answer. Similarly, a strategy for a
repeated game G" is a conditional probability distribution denoted by P AG° A" x Q" — [0,1].

The first trivial, but crucial, observation made is that one can concentrate without loss of generality
on permutation-invariant strategies for G (see Lemma 22 in [1] for the formal argument). This allows
us to use the de Finetti theorem of [28] which relates any permutation-invariant strategy to a de Finetti
strategy. The exact statement of the de Finetti theorem is not relevant to understand the main ideas of
the proof. For now, one can see any permutation-invariant strategy for the repeated game as having the
form of convex combination of i.i.d. strategieﬂ:

PG~ / 0%od0.410 (1)

where dO g is some measure on the space of one-game strategies and O%”Q is a product of n identical
strategies O 4. Unfortunately, the convex combination itself (meaning, the measure dO 4/) is unknown.
Moreover, even though we assume that the strategy P ; g does not allow the m players to communicate
as it is non-signalling, the convex combination might stih include signalling parts, i.e., signalling O 4q-

For the non-signalling parts of the convex combination one can easily prove a threshold theorem.
The only thing which is left to prove is therefore that the signalling part of the convex combination
of Equation has an exponentially small weight. We find this question interesting by itself, and of
course, the same question can be asked in the classical and quantum case as well — given a classical or
quantum strategy P A5 what is the weight of the non-classical or non-quantum i.i.d. parts in the convex
combination?

To bound the weight of the signalling part we take an operational approach, following ideas from
quantum tomography [30]. We define a hypothetical signalling test which, when applied to questions
and answers which are distributed according to an i.i.d. strategy O%”Q, estimates a signalling value of
the strategy O4jo (see Definition 13 in [1]) and accepts only if it is above a certain threshold. In order
to bound the weight of the signalling part in Equation we can equivalently bound the acceptance
probability of the test, when applied to data distributed according to P A This, in turn, is done by using
a reduction to a guessing game that we construct which shows that if the probability of the test accepting
is not exponentially small, then the original strategy P Al must have been signalling — a contradiction.

'We emphasise once again that this is not a quantitive statement that we claim to be correct.
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