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Summary: We used continuous matrix product states to describe the interaction between detectors and a
scalar field, allowing a more general class of interaction to be described non-perturbatively. This allowed us to
derive a set of coupled partial differential equations that describe the time-evolution of the system. Significantly,
this reduces the numerical complexity of non-perturbatively time evolving a detector-field interacting system.
Additionally, we present a useful graphical representation for continuous matrix product states.

Future work will be focused on solving the partial differential equations derived and using this detector-field
interaction to study entanglement harvesting in different space-time geometries.

I. Introduction

Quantum field theory is one of our best theories to date in terms of its predictive power. Nevertheless,
its calculational tools have traditionally been limited to perturbation theory (weak coupling), lattice gauge
models (no longer a continuous field), and non-perturbative effects in a limited class of models (e.g., solitons,
instantons) [1]. Recent work on continuous matrix product states [2] provides a novel and efficient way to
represent states of quantum fields so that we can study them both analytically and numerically in their natural
habitat of non-perturbative, continuum evolution.

One of the key conceptual breakthroughs in the study of quantum fields has been to employ a model of
a local quantum system interacting with the field and acting as a particle detector [3]. This has led to many
important results, such as that accelerating detectors see thermal radiation from the vacuum of a quantum
field [4], now known as the Unruh effect. These studies have traditionally focussed on what is known as the
Unruh-DeWitt detector [4, 5]: a two-level quantum system (qubit) with energy gap Ω interacting with the field
according to the interaction Hamiltonian

HI(τ) = η(τ)φ(x(τ))(e+iΩτσ+ + e−iΩτσ−) (1)

The resulting evolution generated by this Hamiltonian has no ‘nice’ form and hence we are forced to use
different methods. One of these methods is to use perturbation theory [6].

The dynamics of a detector in a scalar field has been studied in ref. [6] with the goal of extracting
entanglement from the scalar field and transferring it to two detectors in order to determine properties of the
curvature of the universe. This extraction of entanglement from the scalar field modes is known as entanglement
harvesting and is an interaction of particular interest for producing entangled qubit pairs (as is done in ref.
[7]).

In ref. [6], perturbation theory is used, which requires the assumption of weak coupling of the detector to
the field, i.e. η(τ)� 1 ∀τ ∈ R. Additionally in ref. [6] only vacuum and thermal states of the field are studied.
In ref. [7] perturbation theory is avoided by restricting the states examined to Gaussian states. Through the
use of cMPS we re-examine the problem stated in ref. [6] without using perturbation theory and without
having to restrict ourselves to thermal states or Gaussian states.

II. Results

We extend the time-dependent variational principle (TDVP) [8] from matrix product states (MPS) to
continuous matrix product states (cMPS), which allows us to time-evolve systems described by cMPS. This
extension is dependent on the cMPS tangent vectors that are introduced in ref. [2]. By applying the TDVP
algorithm to the detector-field interacting system, we were able to derive a set of coupled partial differential
equations that serve as the equations of motion of the system. Such equations have been well studied, and
reduce the numerical complexity of the problem without having to resort to perturbative methods. We can
further reduce the numerical complexity of the problem by truncating the domain of influence of the partial
differential equations through the use of correlation length arguments.

Future work will involve solving these equations, which will allow us to study the back-action of a strongly-
interacting detector on a field. Similar partial differential equations were derived for two detector-field inter-
actions. Solving these equations allows for the study of entanglement harvesting.
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During the course of this project, we also developed a graphical representation of cMPS, which is closely
associated with its continuous product representation. An arbitrary cMPS can be represented as both

|χ〉 =TrA

[
BP exp

(∫ L/2

−L/2
dx(Q(x)⊗ IF +R(x)⊗ ψ̂†(x))

)]
|Ω〉 , (2)

=TrA

B L/2∏
−L/2

(IA ⊗ IF + dx(Q(x)⊗ IF +R(x)⊗ ψ̂†(x)))

 |Ω〉 . (3)

Graphically, eq. (3) is represented in figure 1.
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Figure 1: The graphical representation of eq. (3). Note that this is for a system of length L. If we want L→∞
we will need to rescale the diagram in order to fit the entire real line onto a finite length of paper.

This representation follows naturally from the MPS representation through a refining process (figure 2).

Figure 2: By refining the lattice on which a MPS is defined, we obtain the cMPS diagrams.

As an example of the usefulness of this graphical representation, the equations of motion describing the 1
detector system is expressed diagrammatically in figure 3.
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an (t )∣ χ̇n 〉 i Ĥ field , I ∣ χn〉

ȧn (t )∣ χn 〉 K̂ ( z )∣ χn+1〉

〈 χ n(∂ijk x0)∣
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Figure 3: Equation of motion for 1 detector at z in graphical form. This represents the inner product of
Schrödinger’s equation with the tangent vectors of the cMPS representation. The first diagram is the field
time derivative and the second diagram is the free field Hamiltonian term. The third diagram corresponds to
the detector time derivative and the forth diagram corresponds to the interaction Hamiltonian. With sufficient
practice, this graphical representation has many of the same advantages as tensor network diagrams with
respect to MPS.

III. Significance

This is the first time a continuous tensor-network ansatz (cMPS) has been used to describe an interaction
of a field with a detector. Also the cMPS formalism allows us to move away from the perturbation theory
approach allowing a method subject to fewer assumptions and fewer restrictions [6, 7]. This method also has
an advantage over lattice gauge theory in that we have a continuum result.

We have shown that by using cMPS to describe a 1-dimensional scalar field, we have been able to reduce the
problem of time evolving a detector-field interaction into solving a set of coupled partial differential equations.
Such equations have been well studied, and future work will involve solving these equations. Additionally,
we have introduced continuous tensor network diagrams, and shown how they can be used to simplify the
derivation of these partial differential equations.

This work has demonstrated the power of cMPS in modelling continuous 1-dimensional systems. This
approach can be applied to any 1-D strongly interacting system, which is of particular interest in condensed
matter physics and quantum wires. In quantum information theory, this approach can be used to study
the back-action of a detector on the field and to study the effect of different space-time parameters on the
entanglement that can be extracted from a relativistic quantum field.
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