
Extended Abstract for QIP talk:

Error bounds on simulated dynamics of a quantum system coupled to a bosonic environment

Idealized quantum systems may be considered closed, undergoing textbook unitary evolution. In any realistic

experimental setup however a quantum system is open, that is, it suffers interactions with an environment composed

of those degrees of freedom that are not under the control of the experimenter. Hence the numerical and analytical

description of the dynamics of a quantum system interaction with its environment is of fundamental importance

in quantum physics. The precise nature and composition of the system-environment interaction is generally not

known. For an extremely wide range of systems encountered in physics, chemistry, and biology, it is common

to model the environment as a continuum of harmonic oscillators, which interact linearly with the operators of

the system. This results in the paradigmatic spin-boson model that captures well many aspects of the system-

environment interaction [1]:

Ĥ = Ĥs ⊗ 1B + 1s ⊗
∫
dkg(k)a†kak + 1s ⊗ ĥ

∫
dkf(k)(a†k + ak). (1)

The spin-boson model is exactly solvable only in the rarest of special cases and one is therefore impelled to employ

a variety of approximations and numerical descriptions in order to obtain the reduced dynamics of the quantum

system in question. Notable examples include those cases in which the environment possesses a correlation time

that is much shorter than the system dynamics and the system-environment interaction is weak. Under these

assumptions it is then well-justified and customary to resort to the so-called Markov approximation which permits

the derivation of linear differential equations, the Lindblad equation, for the quantum system alone [2]. However,

settings of considerable practical importance may violate either or both of these assumptions and require a more

sophisticated treatment. We give two examples:

1) The recently emerging interest in quantum effects in biological systems provides a case in point [3]. For

instance, in typical pigment-protein complexes the dynamical timescales of the vibrational environment can be

comparable or even slower than the quantum mechanical excitation energy transfer dynamics. Moreover, in the

limit of slow bath dynamics, perturbative treatments of the system-environment coupling cannot be used even if

the system-bath coupling is intrinsically weak. In consequence, steps have been taken towards the development of

non-perturbative and non-Markovian approaches for the description of the quantum system-environment interaction

(see [3, 4] for overviews of recent developments)

2) Models for quantum gravity predict decoherence beyond that of the predictions of quantum mechanics.

However, any deviation from the expected behaviour will be small and needs to be proven not to result from an in-

accurate simulation of the system-environment interaction. Thus methods that provide rigorous error bounds of the

system-environment interaction is of high interest also in fundamental experimental efforts that aim at discovering

effects of decoherence beyond the realm of quantum mechanics.
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However, generally these approaches have in common that they exploit approximations that are not well con-

trolled in the sense that no rigorous error bounds on the simulation results are available. In this sense these methods

are not certified. The time evolving density with orthogonal polynomials algorithm (TEDOPA) approach to the

spin-boson model presents a notable exception. It makes use of an exact transformation of the standard representa-

tion of the spin-boson model onto a spin interacting with a semi-infinite nearest neighbour coupled chain [5–9] of

the form Ĥ = ĤS⊗1B+ĥ⊗x̂0+1S⊗ĤB whereHB is infinite dimensional and quadratic in position and momen-

tum variables: ĤB = 1
2

∑∞
i,j=0 (x̂iXi,j x̂j + p̂iPi,j p̂j) . This form of the Hamiltonian is particularly amenable to

time-adaptive density matrix renormalisation group (t-DMRG) simulations. This approach has been used with suc-

cess in the simulation of a number of highly non-Markovian system-environment interactions [7, 10, 11]. While the

errors that accumulate in the t-DMRG simulation can be bounded rigorously, nevertheless, the numerical TEDOPA

simulation employs two as yet uncertified assumptions: (i) the semi-infinite chain needs to be truncated to a finite

length and (ii) the local dimension associated with each harmonic oscillator of the chain needs to be truncated to a

finite dimensional Hilbert space. Often, it is numerically intractable to estimate the errors that are being introduced

in this manner by increasing the chain length and Hilbert space cut-off until results appear to converge. Thus a

rigorous approach is desirable. In our work, we employ Lieb-Robinson techniques to close this gap by deriving

bounds for the errors arising from approximations (i) and (ii). As the errors arising in each step of the t-DMRG

simulation can also be bounded we arrive at a method that possesses rigorous bounds on the results that the simu-

lation of observables obtains.

First we explain our bound for the approximation i). We are interested in bounding the quantity

∆(t, L) =
∣∣tr[Ôe−iĤt%̂0e

iĤt
]
− tr

[
Ôe−iĤLt%̂0e

iĤLt
]∣∣, (2)

i.e., the error introduced when, instead of simulating the full Hamiltonian, simulating the time evolution of system

observables Ô with the truncated Hamiltonian ĤL = ĤS⊗1B+ĥ⊗x̂0+1S⊗ĤL
B, Ĥ

L
B = 1

2

∑L−1
i,j=0 (x̂iXi,j x̂j + p̂iPi,j p̂j) .

Let c such that ‖XP‖1/2 ≤ c. We derive the bound

∆2(t, L) ≤ C (ct)L+2ect

(L+ 2)!

(
‖γ0‖1/2 + ‖ĥ‖t

)
, (3)

where C = 162‖Ô‖2 ‖ĥ‖c max
{
‖X‖‖P‖

c2
, ‖X‖c , ‖P‖c

}
, and γ0 =

 γxx γxp

γpx γpp

 , [γab]i,j = tr[âib̂j %̂0], collects the

two-point bath correlations in the initial state. If P = 1, we may replace L by 2(L − 1) in the above bound. We

derive more general versions of this result in the paper.

We now consider the error introduced when the local Hilbert space dimensions of the bath are truncated, i.e. the

error associated with ii). To this end, we define the projector 1m = 1m0 ⊗· · ·⊗1mL−1 , where 1mi acts on the i’th

site of the bath and truncates the local Hilbert space according to 1m =
∑m

n=0 |n〉〈n|. For bounded observables

acting on the system Ô, ‖Ô‖ <∞, we consider

∆m(t) =
∣∣tr[Ôe−itĤ %̂0e

itĤ ]− tr[Ôe−itĤm %̂0e
itĤm ]

∣∣, (4)
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i.e., the error introduced by evolving the system according to Ĥm = 1mĤL1m. Thus, with the notation x̂mi =

1mx̂i1m and p̂mi = 1mp̂i1m, the truncated Hamiltonian reads Ĥm = ĤS + Ĥm
B + ĥ ⊗ x̂m0 , where Ĥm

B =

1
2

∑L−1
i,j=0

[
Xi,j1mx̂ix̂j1m + Pi,j1mp̂ip̂j1m

]
, we show that

∆2
m(t)

4‖Ô‖2
≤ tr

[
(1− 1m)%̂0

]
+ 2

∫ t

0
dx
√
εm(x) (5)

and εm(x) is given in the accompanying paper. Crucially, under the assumption that the system Hilbert space is

finite dimensional, this error may be computed numerically as it involves only observables acting on the truncated

Hilbert space and which are of a form amenable to t-DMRG simulations. For all finite times, lim{mi}→∞∆m = 0

and for all finite m, and L, ∆m is bounded from above by a linearly increasing function in t. tr
[
(1 − 1m)%̂0

]
is zero for any initial finitely many particle bath state when m is chosen appropriately. Such states include the

vacuum state which is also the zero Kelvin thermal state. For higher temperature thermal states of the bath, it is

expected to decay rapidly when increasing all the mi’s. The total error induced on the expectation value of Ô

due to (i) and (ii) is bounded by the sum of the two individual error bounds: ∆(t, L) + ∆m(t). This bounds the

error of approximating an infinite dimensional bath of bosons by a length L 1-D spin chain with nearest neighbour

interactions. If in addition we assume the system to be a spin system, then the Hamiltonian is in the class which

[12] shows can be simulated with polynomials resources in L and error ε, and exponential in |t|.

This extends significantly existing recent results in the literature that apply to the finite dimensional setting of

spin systems [12] and therefore allows the fully certified treatment of the system-environment interaction for both,

harmonic oscillator as well as spin environments The bound we develop for approximation (i) is closely related

to the Lieb-Robinson bound, which bounds the time evolution of the commutator of local observables [13] and

physically means that there is a finite speed at which information propagates through the lattice. Our work also

constitutes a significant step forward in the class of Hamiltonians which are proven to admit locality bounds. Due

to the unboundedness of the Hamiltonian, these bounds are very difficult to prove and very little in known. Prior

to this work, in the unbounded setting, harmonic systems and a class of anharmonic perturbations of them [14–16]

and more recently Hamiltonians linear in spin operators and quadratic in the boson position/momentum operators

[17] were known to admit the bound.

In summary, we provide the first bounds which allow one to calculate error bars for the approximations made

in numerically challenging simulations of spins interacting with a continuum of bosons. Without these results,

doing numerics for such systems (which are of high practical importance, see 1), 2) above) is analogous to doing

an experiment in which one collects experimental data without the possibility to put error bars to the data set.
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