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Abstrat

The entanglement between the position and oin state of a N -dimensional quantum walker

is shown to lead to a thermodynami theory. The entropy, in this thermodynamis, is as-

soiated to the redued density operator for the evolution of hirality, taking a partial trae

over positions. From the asymptoti redued density matrix it is possible to de�ne thermo-

dynami quantities, suh as the asymptoti entanglement entropy, temperature, Helmholz

free energy, et. We study in detail the ase of a 2-dimensional quantum walk, in the ase

of two di�erent initial onditions: a non-separable oin-position initial state, and a separable

one. The resulting entanglement temperature is presented as funtion of the parameters of

the system and those of the initial onditions.

This extended abstrat is based on our full researh paper published in Phys. Rev. A 90,

022329 (2014); preprint version available in arXiv:1408:5300 [quant-ph℄.
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1 Introdution and motivation

The thermodynamis of quantum walks on the line was introdued in Refs. [4, 5℄ using the

oined QW model, whih has two subspaes, namely, the oin and spatial parts. Taking the

model's whole Hilbert spae, the dynamis is unitary with no hange in the entropy. On the

other hand, the oin subspae evolves entangled with its environment. In the asymptoti limit

(t → ∞), after traing out the spatial part, the oin reahes a �nal equilibrium state whih, if

we onsider the quantum anonial ensemble, an be seen to have an assoiated temperature.

This proedure allows the introdution of thermodynamial quantities and helps to understand

the physis behind the dynamis. In most ases, the thermodynamial quantities depend on the

initial ondition in stark ontrast with the lassial Markovian behavior.

In general the Hilbert spae of a quantum mehanial model fators as a tensor produt

Hsys⊗Henv of the spaes desribing the degrees of freedom of the system and environment. The
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evolution of the system is determined by the redued density operator that results from taking

the trae over Henv to obtain ̺sys = trenv(ρ). The simple toy models similar to our model studied

in Refs. [7, 3℄ shows how the orrelations of a quantum system with other systems may ause

one of its observables to behave in a lassial manner. In this sense the fat that the partial trae

over the QW positions leads to a system e�etively in thermal equilibrium, agrees with those

previous results.

In this work, we fous our attention on the thermodynamis of oined quantum walks on multi-

dimensional latties. The analysis of the dynamis is greatly simpli�ed by using the Fourier basis

(momentum spae). In the omputational basis, the evolution operator is in a Hilbert spae of

in�nite dimensions, while in the Fourier basis we use a new operator in the �nite oin subspae.

The temperature of the quantum walk is obtained by taking the asymptoti limit (t → ∞) of

the redued density matrix of the oin subspae and by making a orrespondene to a quantum

anonial ensemble. Using the saddle point expansion theorem [1℄, we obtain the expression of

the entanglement temperature in terms of the oin entries and the initial state. That analysis

generalizes the results of Ref. [5℄ and allows to obtain many new examples due to the inreased

number of degrees of freedom.

2 Main results and disussions

The system moves at disrete time steps t ∈ N aross an N -dimensional lattie of sites x ≡
(x1, · · · , xN ) ∈ ZN . Its evolution is governed by an unitary time operator. This operator an be

written as the appliation of two simpler operators, one representing the unitary operator due

to the 2N -dimensional oin whih determines the diretion of displaement and another being

spei�ally the unitary operator of the displaement. In our work, we followed the desription

of the N -dimensional quantum walk as desribed in [2℄. We omit the details in this extended

abstrat.

The unitary evolution of the QW generates entanglement between the oin and position

degrees of freedom. In Ref. [5℄ it has been shown that the oin-position entanglement an be

seen as a system-environment entanglement and it allows to de�ne an entanglement temperature.

In the present work we also study this subjet using the N -dimensional QW as a system.

We found that the entanglement temperature of the system is determined by

T =
2

log(Λ2N/Λ1)
, (1)

where Λs ≥ 0 are the eigenvalues of the assymptoti density matrix.

We disussed the onsequenes of hoosing di�erent initial onditions on the thermal evolution

of the system. We were interested in haraterizing the long-time oin-position entanglement

generated by the evolution of the N -dimensional QW. First we onsidered the ase of a separable

oin-position initial state. As a seond example we onsidered the ase of a non-separable oin-

position initial state.

Finally, we illustrated the general treatment introdued above in the speial ase of the 2D
quantum walk. We showed that QW initial onditions γ, ϕ and θ determine the entanglement

temperature and for a �xed θ the isothermal lines as a funtion of the initial onditions are

determined by the equation x = sin γ cosϕ = C, where C is a onstant. Figure 1 shows the

isotherms for the entanglement temperature as a funtion of the QW initial position, de�ned on

the Bloh sphere. The �gure shows three regions, two dark zones left and right, orresponding to

temperatures 0 < T < T0, and the a light one orresponding to the onstant temperature T = T0.
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Figure 1: (Color online) Isotherms on the Bloh sphere.

3 Conlusions

In this paper we have studied the asymptoti regime of the N -dimensional quantum walk. We

have foused into the asymptoti entanglement between hirality and position degrees of freedom,

and have shown that the system establishes a stationary entanglement between the oin and the

position that allows to develop a thermodynami theory. Then we were able to generalize previous

results, obtained in Refs. [5, 6℄. The asymptoti redued density operator was used to introdue

the entanglement thermodynami funtions in the anonial equilibrium. These thermodynami

funtions haraterize the asymptoti entanglement and the system an be seen as a partile

oupled to an in�nite bath, the |x〉 position states. It was shown that the QW initial ondition

determines the system's temperature, as well as other thermodynami funtions. A map for

the isotherms was analytially built for arbitrary loalized initial onditions. The behavior of

the redued density operator looks di�usive but it has a dependene on the initial onditions,

the global evolution of the system being unitary. Then, if an observer only had information

related with the hirality degrees of freedom, it would be very di�ult for it to reognize the

unitary harater of the quantum evolution. In general, from this simple model we an onlude

that if the quantum system dynamis ours in a omposite Hilbert spae, then the behavior

of the operators that ats on only one sub-spae ould amou�age the unitary harater of the

global evolution. The development of experimental tehniques has made possible the trapping

of samples of atoms using resonant exhanges in momentum and energy between atoms and

laser light. However, it is not yet possible to prepare a system with a partiular initial hirality.

Therefore, the average thermodynamial funtions ould have more meaning when onsidered

from an experimental point of view.
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