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Abstra
t

The entanglement between the position and 
oin state of a N -dimensional quantum walker

is shown to lead to a thermodynami
 theory. The entropy, in this thermodynami
s, is as-

so
iated to the redu
ed density operator for the evolution of 
hirality, taking a partial tra
e

over positions. From the asymptoti
 redu
ed density matrix it is possible to de�ne thermo-

dynami
 quantities, su
h as the asymptoti
 entanglement entropy, temperature, Helmholz

free energy, et
. We study in detail the 
ase of a 2-dimensional quantum walk, in the 
ase

of two di�erent initial 
onditions: a non-separable 
oin-position initial state, and a separable

one. The resulting entanglement temperature is presented as fun
tion of the parameters of

the system and those of the initial 
onditions.

This extended abstra
t is based on our full resear
h paper published in Phys. Rev. A 90,

022329 (2014); preprint version available in arXiv:1408:5300 [quant-ph℄.
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1 Introdu
tion and motivation

The thermodynami
s of quantum walks on the line was introdu
ed in Refs. [4, 5℄ using the


oined QW model, whi
h has two subspa
es, namely, the 
oin and spatial parts. Taking the

model's whole Hilbert spa
e, the dynami
s is unitary with no 
hange in the entropy. On the

other hand, the 
oin subspa
e evolves entangled with its environment. In the asymptoti
 limit

(t → ∞), after tra
ing out the spatial part, the 
oin rea
hes a �nal equilibrium state whi
h, if

we 
onsider the quantum 
anoni
al ensemble, 
an be seen to have an asso
iated temperature.

This pro
edure allows the introdu
tion of thermodynami
al quantities and helps to understand

the physi
s behind the dynami
s. In most 
ases, the thermodynami
al quantities depend on the

initial 
ondition in stark 
ontrast with the 
lassi
al Markovian behavior.

In general the Hilbert spa
e of a quantum me
hani
al model fa
tors as a tensor produ
t

Hsys⊗Henv of the spa
es des
ribing the degrees of freedom of the system and environment. The
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evolution of the system is determined by the redu
ed density operator that results from taking

the tra
e over Henv to obtain ̺sys = trenv(ρ). The simple toy models similar to our model studied

in Refs. [7, 3℄ shows how the 
orrelations of a quantum system with other systems may 
ause

one of its observables to behave in a 
lassi
al manner. In this sense the fa
t that the partial tra
e

over the QW positions leads to a system e�e
tively in thermal equilibrium, agrees with those

previous results.

In this work, we fo
us our attention on the thermodynami
s of 
oined quantum walks on multi-

dimensional latti
es. The analysis of the dynami
s is greatly simpli�ed by using the Fourier basis

(momentum spa
e). In the 
omputational basis, the evolution operator is in a Hilbert spa
e of

in�nite dimensions, while in the Fourier basis we use a new operator in the �nite 
oin subspa
e.

The temperature of the quantum walk is obtained by taking the asymptoti
 limit (t → ∞) of

the redu
ed density matrix of the 
oin subspa
e and by making a 
orresponden
e to a quantum


anoni
al ensemble. Using the saddle point expansion theorem [1℄, we obtain the expression of

the entanglement temperature in terms of the 
oin entries and the initial state. That analysis

generalizes the results of Ref. [5℄ and allows to obtain many new examples due to the in
reased

number of degrees of freedom.

2 Main results and dis
ussions

The system moves at dis
rete time steps t ∈ N a
ross an N -dimensional latti
e of sites x ≡
(x1, · · · , xN ) ∈ ZN . Its evolution is governed by an unitary time operator. This operator 
an be

written as the appli
ation of two simpler operators, one representing the unitary operator due

to the 2N -dimensional 
oin whi
h determines the dire
tion of displa
ement and another being

spe
i�
ally the unitary operator of the displa
ement. In our work, we followed the des
ription

of the N -dimensional quantum walk as des
ribed in [2℄. We omit the details in this extended

abstra
t.

The unitary evolution of the QW generates entanglement between the 
oin and position

degrees of freedom. In Ref. [5℄ it has been shown that the 
oin-position entanglement 
an be

seen as a system-environment entanglement and it allows to de�ne an entanglement temperature.

In the present work we also study this subje
t using the N -dimensional QW as a system.

We found that the entanglement temperature of the system is determined by

T =
2

log(Λ2N/Λ1)
, (1)

where Λs ≥ 0 are the eigenvalues of the assymptoti
 density matrix.

We dis
ussed the 
onsequen
es of 
hoosing di�erent initial 
onditions on the thermal evolution

of the system. We were interested in 
hara
terizing the long-time 
oin-position entanglement

generated by the evolution of the N -dimensional QW. First we 
onsidered the 
ase of a separable


oin-position initial state. As a se
ond example we 
onsidered the 
ase of a non-separable 
oin-

position initial state.

Finally, we illustrated the general treatment introdu
ed above in the spe
ial 
ase of the 2D
quantum walk. We showed that QW initial 
onditions γ, ϕ and θ determine the entanglement

temperature and for a �xed θ the isothermal lines as a fun
tion of the initial 
onditions are

determined by the equation x = sin γ cosϕ = C, where C is a 
onstant. Figure 1 shows the

isotherms for the entanglement temperature as a fun
tion of the QW initial position, de�ned on

the Blo
h sphere. The �gure shows three regions, two dark zones left and right, 
orresponding to

temperatures 0 < T < T0, and the a light one 
orresponding to the 
onstant temperature T = T0.
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Figure 1: (Color online) Isotherms on the Blo
h sphere.

3 Con
lusions

In this paper we have studied the asymptoti
 regime of the N -dimensional quantum walk. We

have fo
used into the asymptoti
 entanglement between 
hirality and position degrees of freedom,

and have shown that the system establishes a stationary entanglement between the 
oin and the

position that allows to develop a thermodynami
 theory. Then we were able to generalize previous

results, obtained in Refs. [5, 6℄. The asymptoti
 redu
ed density operator was used to introdu
e

the entanglement thermodynami
 fun
tions in the 
anoni
al equilibrium. These thermodynami


fun
tions 
hara
terize the asymptoti
 entanglement and the system 
an be seen as a parti
le


oupled to an in�nite bath, the |x〉 position states. It was shown that the QW initial 
ondition

determines the system's temperature, as well as other thermodynami
 fun
tions. A map for

the isotherms was analyti
ally built for arbitrary lo
alized initial 
onditions. The behavior of

the redu
ed density operator looks di�usive but it has a dependen
e on the initial 
onditions,

the global evolution of the system being unitary. Then, if an observer only had information

related with the 
hirality degrees of freedom, it would be very di�
ult for it to re
ognize the

unitary 
hara
ter of the quantum evolution. In general, from this simple model we 
an 
on
lude

that if the quantum system dynami
s o

urs in a 
omposite Hilbert spa
e, then the behavior

of the operators that a
ts on only one sub-spa
e 
ould 
amou�age the unitary 
hara
ter of the

global evolution. The development of experimental te
hniques has made possible the trapping

of samples of atoms using resonant ex
hanges in momentum and energy between atoms and

laser light. However, it is not yet possible to prepare a system with a parti
ular initial 
hirality.

Therefore, the average thermodynami
al fun
tions 
ould have more meaning when 
onsidered

from an experimental point of view.
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