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2Department of Mathematics, Royal Holloway University of London, Egham, Surrey, TW20 0EX, UK
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The present abstract concerns the following works:

• R. Ramanathan, A. Kay, G. Murta, P. Horodecki, arXiv:1406.0995 [1].

• R. Augusiak, R. Ramanathan, G. Murta, M. Horodecki, P. Horodecki. Work in Progress (attached notes).

A bipartite non-local game is a co-operative game where two players, Alice and Bob, receive questions x and y
from a referee and they are supposed to output answers, a and b respectively, with an aim to maximize a pay off
function V (a, b|x, y) ∈ {0, 1}. The score of the players is given by

ω =
∑

a,b,x,y

p(x, y)V (a, b|x, y)P (a, b|x, y). (1)

The players are not allowed to communicate, but can pre-share some classical (shared randomness) or quantum re-
sources (entangled states); with corresponding scores ωc and ωq respectively. These “Bell tests” have led to numerous
philosophical and practical developments, such as demonstrating the indeterminacy of Nature [2] and providing the
vital ingredient in quantum cryptography [3], even in a device-independent scenario. However, it is not only games
where quantum theory provides an advantage that are worth considering, the games in which there is no quantum
advantage reveal just as much about Nature [4]. The quintessential example of such a task is distributed non-local
computation NLC2, where the parties are required to compute an arbitrary (binary) function with non-locally en-
coded inputs, such that each party individually learns nothing, yet together an XOR of their outputs equals the
correct function output. In [5], it was shown that quantum theory provides no advantage in this task, simply giving
the best linear approximation to the function although super-quantum correlations do provide an advantage. This is
such a powerful statement that the lack of non-local computation has been elevated to the status of an information-
theoretic principle akin to the ones proposed in [6–10], with the aim of identifying the set of quantum correlations
from among all non-signaling ones.

The NLC2 games belong to the class of XOR games, where Alice and Bob each receive one among m inputs,
x, y ∈ [m], and the winning condition only depends on the XOR of their outputs, i.e. V (a, b|x, y) = 1 iff a⊕b = f(x, y).
Binary XOR games (with a, b ∈ {0, 1}) can be characterized by the game matrix [5]

Φ̃ =
∑

x,y∈[m]

(−1)f(x,y)p(x, y)|x〉〈y|. (2)

The celebrated theorem of Tsirelson [11] then allows the calculation of ωq by a simple semi-definite program. The
optimal quantum strategy proceeds by Alice and Bob measuring ±1 observables Ax and By on a shared quantum
state |ψ〉 when asked questions x and y respectively. This strategy can be represented in terms of unit vectors in
Rm for each measurement of Alice ({|ux〉}) and Bob ({|vy〉}) [11–13]. The inner product 〈ux|vy〉 reproduces the
expectation value of the observables. The quantum bias of the game, εq := 2ωq − 1, is thus given by an optimization
over the real vectors, which is phrased as a semi-definite program (P):

εq = max Tr[Φ̃sX ]

s.t. diag(X ) = |j〉 ⊕ |j〉, X � 0, (3)
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where X =
(

A S
ST B

)
, Φ̃s =

(
0 1

2 Φ̃
1
2 Φ̃T 0

)
and |j〉 =

∑
x∈[m] |x〉 is the all-ones vector. S is the strategy matrix and is

defined as an m×m matrix having entries Sx,y = 〈ux|vy〉. The matrices A,B with Ax,y = 〈ux|uy〉 and Bx,y = 〈vx|vy〉
describe local terms. In a deterministic classical strategy, the vectors |ux〉 and |vy〉 all equal ±|w〉 for a single unit
vector |w〉. The classical strategy matrix Sc is thus a matrix with ±1 entries with all columns (and rows) being
proportional to each other.

We first address the problem of categorizing the two-party binary XOR games which share the property of no
quantum advantage, i.e., with ωc = ωq , for which we provide a necessary and sufficient condition, with an aim to
identifying new information-theoretic principles and a deeper understanding of the set of quantum correlations. We
remark that for every XOR game, there exists a super-quantum no-signaling strategy that wins the game, i.e. one that
achieves ωns = 1.

Theorem 1. Consider a two-party binary XOR game with game matrix Φ̃ with no all-zero row or column for which Sc =
|sA〉〈sB | represents the optimal classical strategy. Let Σ = diag({〈i|Φ̃|sB〉〈sA|i〉}mi=1) and Λ = diag({〈sA|Φ̃|i〉〈i|sB〉}mi=1).
There is no quantum advantage for Φ̃ if and only if Σ,Λ � 0 and ρ(Λ−1Φ̃T Σ−1Φ̃) = 1, where ρ(.) denotes the spectral radius.

As a consequence of Theorem 1, we can also derive a weaker sufficient condition for no quantum advantage:

Corollary 2. If the maximum singular vectors of Φ̃ only contain elements that are ±1, then there is no quantum advantage for
players of the game Φ̃.

These conditions allow us to single out new families of games with no quantum advantage for arbitrary input
probability distributions, up to certain symmetries, see [1]. When considering games with no quantum advantage,
it is also of interest to consider whether the corresponding Bell inequalities are tight, i.e., whether they form facets of
the polytope of classical correlations. A tight inequality with no quantum advantage implies that the information-
theoretic game identifies a portion of the boundary of quantum correlations which is of non-zero measure. By
exhibiting an explicit decomposition of theNLC2 games as sums of CHSH games and games which can be classically
won, we show that these games do not constitute facets of the local polytope; we leave as open the question of
existence of two-party facet Bell inequalities with no quantum advantage.

Shannon capacity of graphs. A recent interesting development [14–17] is that each non-local game can be associ-
ated with a orthogonality graph G, and the classical and quantum winning probability of the game are related to the
important graph parameters independence number α(G) and the Lovász theta number θ(G) as

m2ωc = α(G) ≤ m2ωq ≤ θ(G). (4)

For an XOR game with m inputs on each side, the orthogonality graph consists of 2m2 vertices v ∈ V . Each vertex
is labeled by (x, y, a) and two vertices are connected by an edge iff (x = x′ and a 6= a′) or (y = y′ and a ⊕ a′ 6=
f(x, y) ⊕ f(x′, y). A related important information-theoretic quantity is the Shannon zero error capacity Θ(G) for
sequential uses of a memoryless channel which is the maximum rate at which information can be sent through the
channel with zero probability of error [18]. This quantity is traditionally described using the confusability graph
G of the channel, where the vertices of the graph correspond to the inputs of the channel (letters of the encoding
alphabet) and two vertices are connected by an edge if the corresponding inputs can be confused with each other by
the receiver upon transmission through the channel. The zero-error Shannon capacity of the graph is then defined
as

Θ(G) := sup
k

k

√
α(Gk), (5)

where Gk denotes the k-fold strong product of graph G with itself. Despite the importance of the Shannon capacity,
remarkably few classes of graphs, such as perfect graphs [20], Kneser graphs, vertex-transitive self-complementary
graphs [19] and König-Egerváry graphs [21–24], are known for which Θ(G) has been established analytically. In
the majority of cases, these satisfy Θ(G) = α(G), and are said to be class-1 graphs [20]. The Lovász number was
introduced as an semi-definite relaxation of Θ(G) (whose computational complexity is unknown and whose value
remains unknown even for graphs as simple as the seven cycleC7!). Given a graphGwe have the following relations
[19]

α(G) ≤ Θ(G) ≤ θ(G). (6)
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Our second main result is an identification of a new set of class-1 graphs by looking at the orthogonality graphs
of XOR games with no quantum advantage. The adjacency matrix of a graph G associated with the XOR game is
conveniently expressed as

A(G) = 11⊗ (|j〉〈j| − 11)⊗X + 1
2 |j〉〈j| ⊗ 11⊗ (11 +X)− 1

2 [D(|j〉〈j| ⊗ 11)D]⊗ (11−X) (7)

where X is the usual Pauli-X matrix and D is defined as D =
∑

x,y∈[m](−1)f(x,y)|x, y〉〈x, y|. This graph is (2m − 1)

regular, triangle free, and has a perfect matching [27]. We show that its spectrum, and corresponding degeneracies
are given by

spec(A(G)) =


2m− 1 1
m− 1 2m− 2
−1 (m− 1)2

1−m± λz 1
1 m(m− 2)

(8)

where λz denotes the m singular values of Φ :=
∑

x,y∈[m](−1)f(x,y)|x〉〈y|. By (4) and (6) we see that a necessary
condition for a game graph to be class-1 is that ωq = ωc. Motivated by this we have our main result.

Theorem 3. Every two-party XOR game with m uniformly chosen inputs for each party, and satisfying Cor. 2 has a game
graph which is class-1 (has Θ(G) = α(G)).

We show that the family of game graphs described here is distinct from all previously described classes of graphs
for which Shannon capacity has been calculated [19–24]. This result, remarkable simply due to the difficulty in
evaluating the Shannon capacity even for very simple graphs, is a classical result derived as a consequence of insight
from a study of a quantum-mechanical problem!

XOR games with d outcomes. We now consider d-output XOR games, i.e. those where the winning condition is
expressed as a ⊕ b mod d = f(x, y) with a, b ∈ {0, . . . , d − 1} and x, y ∈ [m]. Such games were studied in [26]. For
these games, we define a set of game matrices Φ̃k, with k ∈ {1, . . . , d− 1} as

Φ̃k :=
∑

x,y∈[m]

p(x, y)ζkf(x,y) |x〉〈y| , (9)

where ζ = e
2πi
d is the d-th root of unity, and use them to find an upper bound on their quantum value.

Lemma 4. The quantum value of any d-output XOR game with winning relation a⊕ b mod d = f(x, y) obeys

ωq ≤
1

d

(
1 +m

d−1∑
k=1

||Φ̃k||

)
, (10)

where ||.|| denotes the spectral norm of the matrix.

We also present a generalization of the class of non-local computation to the scenario of d outputs for prime
d, a problem left as an open question in [5]. In these games which we label NLCd, Alice and Bob receive n dits
(x1, . . . , xn) and (y1, . . . , yn) respectively and are required to output a, b whose XOR equals the value of

f(x, y) = g(x1 ⊕ y1, . . . , xn−1 ⊕ yn−1) · (xn ⊕ yn) (11)

for an arbitrary function g mapping n− 1 dits to 1 dit. For simplicity, we restrict to the case of uniform probabilities
p(x, y) = 1

d2m although we expect the extension to arbitrary probabilities is straightforward.

Lemma 5. The games NLCd for arbitrary prime d have no quantum advantage, i.e. ωc(NLCd) = ωq(NLCd).

Work in progress includes an identification of more classes of d-output XOR games with no advantage as well as
extending to non-prime d. A further question of current interest is to show a generalization of the norm bound to the
class of all linear games using a generalization of the Fourier transform from cyclic to arbitrary finite groups. An open
question for the future concerns the Shannon capacity of the orthogonality graphs corresponding to the d-output XOR
games with no quantum advantage, to identify when these graphs can be categorized as class-1 graphs.
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