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ol/assical capacity with product state
inputs L Ogawa/ A/agao(’a)‘ AW, TECE-TT
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ol/assical capacity of covariant channels
C Koenig/ Wehner, PRL 103:020504 (2009)1
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error € =1 —

In pardicelar: I K= (N, STrong comerse
holds. Alrost onl v/ Zrivial cases ) eXCepZ‘ :

Thnm (Wilde/ AW, 1305 .6232)° For pire
loss optical charne! )/ Cransrussnvity 1
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C = 3( n ,p>) and Che 5270/73 ConverSe holds.



7T e Sinet/adion argamenf : I you can
Simulate a channe! N Ay /0/2 & rate K,

then CLN) < K and For rates KoK, he
o ARK)

error &€ = |

More interes Z‘/ng eoith Free reSowrces )y €9.
Cg( N) = ent.—assisted classical capacity
= M/‘n/‘md/ S /‘Mé(/ alron cost assisted

AV ent. ( “Qa . KReverse Shannon 777/)7>

Te. Sz‘rong Conwerse holds for C. .

C Bennetd et a/., TEECE-T7 45:2¢4372 C 2002) 5 Bennett et a/. 0912.553271
CCA. Bertda et al., TEEE-TT 59:¢2720 (2013) = AN) bownd]
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T hm Cedilde/ AL/ Yang, 1306155¢)° TX N /s
EB or ¥/, then for any code w rate K 2
C(N), 2he error /aroéaé// 12y Comnerges Zo |,
exponentially +ast in Che numéber n of

CL/’Ianne/ USeS -

There exists 2 = XL R-C(NY ) s2.
I—Pierr; < eX/ﬂ( ~Zn).

In other words, tAese charnnels satisSH Y/

Z/ﬁe S Zrong Cornwe,rsSe.



Yold on! T Aavenr Z even Zold oLl cohal
these EB' and >’/ Z‘/7/n35 are...



%/o/ d on! 7 Aavenr ‘Z‘ even Lol/d yoé( cohal
these EB and ¥/ Z‘/7/n\9§ are...

fnz‘ang/ errent —-Areaé/ng (EB) e hannels:

pa

AN > B
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A

Comp/ eMenZ‘ary o CAese:
stadamard channels (/)
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> A

Fact: N entanglement-breaking ifF

Mp) = 2.77(,01\4,&(7, sZ. ZM= 1
= Z//@>< 05-/,0/0374@/-/
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Mp) = Zﬁ L><fl < alplay> <@/B >

/\J \ SCAL(/‘
/Someiry L= Z/ >« 0( | A—E proa/acf

Channels of 2his Fornr: Yadariard o anne/s
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classical outlped
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£dep/ S — fnfang/ errent —-Ared,é/nﬁ channel/s:

) g —channels, i e. classical inpet
detlerrnnes state preparation at oulput
2> ?Cl —~c hannel/s ) 1.e. measurement twith

classical outlped
Yadamard channel/s:

3) Phase a/a/y/p/ng channels y PMore 3enerd/ / v/
Scher »edl Z‘/p/ 1erS
4) C/on/ng channels Lot Bridler, TECE-TT 201071
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7778 proof 1S Aeaaz‘/r” 174 AA(Z( i A/‘Z‘ /. ong...

Deparf Ure po/nZ‘ m/n/max CL/IQI‘QCLZ‘er/ZaZ‘ 1oN
of X (M) ¢ Sc humac bher /) testmoreland, PKA 200071

XD = pain miae XA 0DIO)
i~
,( e/ alive enfropy .
D(,O//G> = 7r ,O(/og,() - /030>

! For EB and ¥ channel/s N 2Ans /s

additive, and so CCN) = X (N).
CShor, IMP 2002 (£B); King et al ., guant-ph/ 0509126 (N1
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D(,O//G> = 7r ,()(/03,0—- /030>
IS a S pec/a/ case of a whole Far/ (v of’
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CCF. Petz, 0909.364%F, Mciller—Lennert et a/., 130¢.314271
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( e/ aZ e enZ‘ropy
D(,O//O> = 7r ,O(/og,()—- /030>
IS a S pec/a/ case of a whole Far/ (v of’

benera/ 1 Zed a//\/ergenc’/eé ) -
CCF. Petz, 0909 -364%) Mciiller—Lennert et a/., 130¢.314271

(> Zalk by Marco Tomarichel, Fri 10:20)

ﬁ(na/ amrenta/ properfy 1S Monoz(on/c/fy .
For amy cplp rap N,

Hplo)=XMpMIM o)) = 0.



Compdre code for N e eorth rivial channel:

A/@/? D

Pré s1=r7 8
L/ M

CCF. /po/ydnéléy//\/ero/d, Proc. 4sth A/ lerton CCC, 20101



Compdre code for N e eorth rivial channel:

A/@/? D

M
/)753 ‘5 = 1— &
Pré s1=r7 8

=1/ M

Ni-¢ I/ M) < /Y/é:/? mlgx D~(M®'?(p IO )

CCF. /po/ydnéléy//\/ero/d, Proc. 4sth A/ lerton CCC, 20101



Compare code For /\/ e a)&“/? fr/\//a/ CL/?dnne/ ]

Ni-¢ //l//‘//> < Mafn Mlgx DN(/\/®17(,0>//G>

. 2
= Xj(/‘/ )



Compare code For /\/ e a)&“/? fr/\//a/ CL/?dnne/ ]

Ni-¢ //l//‘//> < MG/n Mlgx DN(/\/®/?(,O>//G>

_ ©n
= xj(/\/ )

(For wuswal reladive enlropy, we reCover

ZA e pre\//oa\f weaf ConersSe >
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O O
. QN
= Xj(/‘/ )
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-0 - X
D(ﬁ//0>-—/0377(0a00 >

CCE. Miiller—Lennert et d/., 1306-3142
Belgl 1306-5920, Frank/lied 1304.5355 1
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D= /M < riin mcx XN Tp)lo)

O O
. QN
= Xj(/‘/ )
Sandeorc hed O —K ény/ re/alive enZ‘/‘opy Co > ):
-0 - X
D(ﬁ//0>-—/0377(0a00 >

CCE. Miiller—Lennert et d/., 1306-3142
Belgl 1306-5920, Frank/lied 1304.5355 1

Crac/a//y additive: )? . ( N ®n> = N )? o ( /\/> .

(> Zalk by Marco Tomarichel, Fri 10:20)



D= /M < riin mcx XN To)lo)

O p
. N
=. xi(A/ )
SQ/?O/L(_)/‘CAQO/ 94 —'( én}/f l‘e/ QZ(/‘\/e ehfropy ( 04 > l> .
A e AN
D(p//()> = — /03 77(02“ 0 og3“ >

E CF. Mciiller—Lennert et a/., 130¢-3142
Belgi 13065920 Frank/lied 130¢.5355 1

CI‘L(C/‘Q//y additive: )A(’ (X(A/ ®n> = N )? O{( mﬁ

(x B &
C/7dnne/5.l>
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O p
. N
=. xj,(/\/ )
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A e AN
D(p//()> = — /03 T}(GQ“ 0 og3“ >

E CF. Mciiller—Lennert et a/., 130¢-3142
Belgi 13065920 Frank/lied 130¢.5355 1
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D= /M < riin rcx XN Lo )lo)

O p
. N
=. xj(/\/ )
Sdhc/cdf(l/?ea/ 94 —'( én}/f l‘e/ QZ(/‘\/e e/?Z‘I‘OPy ( 04 > l> .
A e AN
D(,O//G> = — /03 T}(G” 0 og3“ >

C CF. Mciiller—Lennert et a/., 130¢-3142
Belgi 13065920 Frank/lied 1304.5355 1

Crac/a//y additive: X (x (N7 = 5 X . (N ——_
...and cOn\/ergeS ‘o X(A/> as o—1t

N (x B & ¥/
L.AS.: o /o1 € ) + /og M. o hernels !

l



For /05 M = n('
e < expton SR-T W (NS,

a)/'[/c/? /5 eXponenf/a/ / }/ S Ma/ / f or ,( ) X ( /\/>
and O 21 S»rial/ eno&(g/? ]



Fél‘ /03 M = n(-’
e < expton ZR-F (NS,

w/w‘c/'z 1S eXfonehZ‘/‘a/ /A y S Ma/ / £e or ( V X ( /\/>
and O 21 small enoag//. &ED

Coméfn/ng corth Simetlation argerment and
recent aa/a//Z‘/\//Z‘y OF PUNPIUAT o&(Z‘paZ‘

( ( ény/> enfropz‘eé C Giovannetd'/ Garcia—Palrdn/
Cert/ %/o/e\/o, 1312. 4225 1¢ Sfrons Cornve,rsSe /’o/‘

covariant 6&4{5 Si1an channe/ S. e
C Bardhan/ Garcia—Palrsn/ tilde/ AL, 1401.41413
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O - M vz —'ehz(l‘op/‘eé . 'prez‘z‘y
SZ‘rong | Comverse For &

Siz‘neépr/ng : Mp) = 775 Vp \/,]L
eith an 15 OMeZ‘/‘y \/4 — BRE.
Comp/ emenZ‘ary 6/7&/7/7@/ .

Mp) = 75, VoV

/\/ /5 a/egraa/aé/ e /‘f Z‘/]ere eX/S s A 6pfp M@P D
st N =DoN Viceversa: ants —-a/egraa/aé/e.
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Degraa/aéi/ 2y in the Church of Che
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Degraa/aéi/ 2y in the Church of Che
Z.arger i/ bert Space:
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1V e
G “ — F
s
¢4B£ e F
Examples:

D Phase damping chanrel, more gererally
Schur multipliers and ¥Yadamard charnne/s

2) A mplitede a/a/np/ng c hanne/

3) Symmelric channels, ie. trivia/ F,

for instance s 0% erasure channe!



A : — £

1V — E - £

G “ — F
—

w%z.{ ec' F

/J/'/y e are 1nlerested i1 a/eﬂr . charnels:

@(D(AA 1S additive and so @(/\A = q(l>(/\/>,
dna/ Z‘/[e / dZ( lef 1S A CorveXx oﬁZ‘/‘M/‘S aZ( 10N,

CDe\/eZ‘dé/S/?or, CMP 256G 25 F (2005>j



A : — £

1V — E - £

G “ — F
—

w/@{ e F

/J/@/ e are 1nlerested i1 a/eﬂr . 6/7@/7/78/ S -

@(D(/\A 1S additive and so @(/\A = Q(D(/\A,
and Z‘/[e /. aller 15 a Comnex OPZ‘/‘M/‘S alion.

L/.De\/ef@é/g/?or, CMP 256G 25 F (2005>:1

(For anti-degradable N: A) = 0.)



A previous result Lvia £. Kans, TECE-TT
y2(2):2921-2933 (2000 1: TL N is PPT
enz‘anﬁ/ errent -—-A/na//nﬁ , Chen of course

K M)=0, and strong comverse holds (et

error C’/OI?\/el‘ﬁl‘hg eXponenZ‘/a/ / y ‘o l> .



A previows result Lvia €. Kans, TEEE-TT
y2(2):2921-2933 (2000 TL N is PPT
enz‘anﬁ/ errent -—-A/na//ng , Chen of course

K M)=0, and strong comverse holds (et

error C’/Ol?\/el‘ﬁl‘hs eXponenZ‘/a/ / y ‘o l> .

/\/ ole: 4 / reda/y £or Symmez‘r/c ( a/egrda/dé/ =
& ants —-a/egraa/aé/ e) channels — For which
a/so K N=0 - not clear o all.



ExerciSe: 5’4“/‘0/73 ConverSe £or norsSe/esSs
oubit id,, even assisted by classical

C oL n/‘CQZ 1ON.



ExerciSe: Sz‘rong ConverSe £or norsSe/esSs
?aéié /d,, even assisted by classica/

C oL m‘caf 1ON.

Imp//eé ! Error 3085 Zo one for rales
above 56( N), 2he ent anglement cost of
simelad 1ng CThe channe! eith Free
classical commuumcalion L Berta et a/.,
ZEEE-IT7 sK10):6229-629s (2013)1.



ExerciSe: Sz‘rong ConverSe £or norsSe/esSs
?aéié /d,, even assisted by classica/

C oL h/‘C’/Qf 1ON.

Ifyzp//eé ! Error 3065 Zo one for rales
above EC( N), Zhe ent anglement cost of
Stredl ating The channe! eith Free
classical communicalion L Berta et /.,
ZEEE-IT7 sK10):6229-629s (2013)1.

St/ doesn Zake care of s0% erasure
channel, deprias 117G channels, etc !
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asymptotically .



7 hm (Morgan/ AW, 1301.4922) For any
degradable channe! N, a// codes coith rate
> 4(/\/> Aave error at /east 0. 70,
asymptotically. ILe., a¢ K N), 2he error
has a Fimte :/‘amp "

7 ( erro/‘>

A

v ?aéfz‘ rade



7T hr Morgan/ AW, 1301.4922) For any
degradable channe! N, a// codes coith rate
K > KN have error a least 0. 707,
asymptotically. ILe., a¢ K N), 2he error

has a Finde :/‘amp "
4 ( el‘/‘o/‘>
l i

FOF+

A

\/_ Prez‘z‘y S z‘rong

Corwers e

v ?aéfz‘ rade



7hrt For any degradable channe! N, codes
cwith rate K > KN) have error at least
0. 704, asymptotically.
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7hrt For any degradable channe! N, codes
cwith rate K > KN have error ad least

0. 704, asymptotically.

>

Error/ £ide/ /Z‘y ac fyeved A}/ a S /nﬁ/ e 5 0%

eraswre Channe! — eoithoc? enC’/oa//ng ]

On 2he other hand: For larger error, amy

11 d. S ymmeZ‘r/C’/ channe! alloccws C’/oa’/nﬁ oF

:é = Cx/; ?L(A/Z‘S ) A}/ randonr codes. More?



7hrt For any degradable channe! N, codes
cwith rate K > KN) have error at least

O- 404 &> ympfoz‘/ca/ /A e

Similar result for private capacity:

7 hnv ( 1301.4,'?27>-' For a/egrda/dé/e charne! N )
1 a/ec’/oa//ng error and distance Fror

perf ec? pr/\/acy are bt A below S orre
tmversal Chreshold , Chen Che rate 15
asymptotically bounded by A N)=a N).



7hrt For any degradable channe! N, codes
cwith rate K > KN) have error at least

O- 404 &> ympfoz‘/ca/ /A e

5/:9/7/‘{7 cance of S }/MM@Z(I‘/‘C’/ Cl/?d/?he/ S -

7T Q3014923 IF Symmetric chapnels
(ewhiose ?aanz‘am capacity 15 O) oéey Q
strong comverse, then so do all a/egraa/aé/e
channels N: for error below |, rate cwout/d
be asymptotically boutnded Ay KA.
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(srocath) rin —enlropies & Sore 2ricks:
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asymplotic e?a/pariii 1on property...

CCL K. (enner, PhHD Zhesrs, ?L(an‘*f/?/OSI,?,?sS
& M. Tomannchel, PAD thesis, arXivizp3.214271



Proof wses Z‘/B/IZ( Finite bSlock / enﬁf/’l
characterization of P and & via
(srocath) rin —enlropies & Sone 2ricks:
Symmelrization, de Finettdi Cheorem,
asymplotic e?a/parffz( 1on property...

CCA K. (enner, PhD 2/ esis, ?L(an‘—-f/?/OSI,?.?sS
& M. Tomannchel, PAD thesis, arXivizp3.214271

Can be viewed as « C’/omp/ 1caled version of
2‘/78 pl‘oof’ oF Qa/a//‘f/‘\//‘fy . /Z( /\/>= @( /\/>= Q(D( /\/>
£or a/eﬁraa/aé/e N... =/

L/.De\/efdé/é/?or, CMP 256G 25 F (2005>:1



2. Concl/usion (sSort oF .

0 /esson To 38f more preciSe wUnder—
S Z‘ana//nﬁ of code perf ormance Aave o
abandon von Newrmann entropy and
embrace non—-standard ent ropies (K Eni
enlropy, run—entropy, .. )

@ Price o pay: ach channel and each
capacity reguires its own qpproac .
/V/ahy open — eg. mUlti—wser channels...



2. Concl/usion (sSort oF .

07T e Crick with the sandioiched channe/
reduces Zhe aa/a//‘Z(/‘\//‘Z(y of X ¢ /\/> o Chat

of Che runimum owlpul Kényi entropy
of an assSocialed £¢ a/y/// }/ of CP ( Zrace
non-pres er\//n3> MaPS . Can 17 be qpp/ red

lo ot /7@/‘ C/7dnne/ S7 02(/78/‘ a//\/erﬁenCeS 7
Codi/de/ AW’/ Yang, 130615561

o Can we a/so get "2nd order” behaviowur?
CCL. Tormarnichel /7T an, 1305 .6503 For co-channel/s’]



2. Concl/usion (sSort oF .

0 Biq cpen problesi: pretdy strong is
pretty ag/y - Ao Co get ful/ STrong
Comwerse for & of afegraa/aé/e channe/s!?
Bott/eneck are the Symmetric charnels,

e.g. 5074 erasure channel...

D

Note Chal neither P,
& nor 7 Cl >, & C '>, X are generally additive!

(Nt bnowon For C.)






4 3ooa/y £IrST: M/n//y/dx C/IdraCLZ‘er/S alion
of X (M) ¢ Sc huurac her/ test moreland, PKA 200071

XNY = nain s XM PO
O O

. FOI‘ EB and Y/ C/lanne/ s N /s 1S
aa/a//‘z(/‘\/e, arnd So C(/\/> S ¢ (/\/>

CShor, IMP 2002 (£B); King et al., ouant-ph/ 050926 ( /7]
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of X (M) ¢ Sc huurac her/ test moreland, PKA 200071

XNY = nain s XM PO
O O

( e/ alive enZ‘ropy .
D(,O//O> = 7r ,()(/03,0-—- /030>
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( e/ aZ e enZ‘ropy
D(,O//O> = 7r ,O(/os,()—- /030>
IS a S pec/a/ case of a whole Far/ v/ of’

tgene/‘d/ 1Sed d/‘\/erﬂenceé ) .
CCF. Petz, 0909 -364%) Mciiller—Lennert et a/., 130¢.314271

ﬁ(na/a/y/enfa/ properfy 1S Mono’é‘on/c/'é‘y ! Lor
any cplp map N,
Kollo)=XMpI o)) = o. (%)

Notalion: £or A/‘ndry distribedtions P= Y2 ,l—'p>
and G=9,1-0), corite N PIIG) = Kpllo).
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As Swume Furthermore ¢hat
D(gr) 2.0 1 @pxﬁx> =; 2 Xp o). (+)

T hen, for a code with M 7759 s , error <€,
l
o =~ ) <ml © M P, ):
ar 'OX£ A DLV 0,,

2= /M) < K P Lllp,© 0
s/\—'/—/ 25(/\/(,0,,)//0>
Ve,

< picxe XM O = %o (A
0 2,0



Ass wUme Furthermore ¢hat
D(gr) 2.0 1 @pX 0X> =§: 2 Xp o). (+)

7T hen, For a code with M 7759 s , error <€,
l
o =~ ) <ml @M P, ):
ar 'OX£ A DLV 0,,

2= /M) < K P Lllp,© 0
s/\—; 25(/\/(,(),,7>//O>
Ve,

CCF. /\/dg‘aoéa (22000); < D(/\/(,O >//U> = X (A
Po/yanS(//y/ Verde: (2010); 0 2250

Shar»ia/ tarsi, 1205 .1712.71
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Xi—-€ /M) < max MO =i X (A
0 2,0

f\/eryé /7//73 depends on r/:9/72‘ choice of 5 :



D= /M) < maxe XN PG =: X5 (A
0 D,

f\/eryé /7//73 c/epena/s ON hﬁ/?f choice of 5 :
Sdna/a)/‘C/’}eo/ 04 -—-/( ény/ re/ QZ‘/\/e enfropy ( 04 > l>

04

-
D(ﬁ//0>——/0377(02a U-‘?_a->



D= /M) < maxe XN PG =: X5 (A
0 D,

f\/eryé /7//73 c/epena/é ON hﬁ/?f choice of 5 :
Sana/a)/‘C’//’}ea/ 04 ._.( ény/ re/ aZ‘/\/e enZ‘/‘opy ( 04 > l>

-0t '0‘>O‘

D(p//0> -—/0377(00‘[)0

CCF. Miiller—Lennert et a/., 130¢.3142,
Belgi 13065920 Frank/lies 1304.5355 1

77's monctonic , Aas properfy (+) and /s
<2(pilo) =—/03 7r p% 0" itk

w/’]/C/? 1Z Corncides w/'/en Slales corrwle.
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-
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p o)

-

D(,O//G> = —/0377‘(0 20

505("' EIN/M) < max 5a(A/(p MG ) =: X, G(A/>
[0, )

ja(l—-c? //I/M> = /og M +Oli—-l /03(1—-€>



04

~ -
D(,O//G>-—/37;(O—a_ GT(X_>

505("' EIN/M) < max 5a(A/(p MG ) =: X, G(A/>
[0, )

ja(l—-c? //I/M> = /og M +Oli—-l /03(1—-€>

—-XO(,O(AA 1S Che nurinietnr O —-(eny/

owtput entropy of a perturbed cp rmap N ,

- - X

NCp) = 02C M p)o3%



Wave:
/o 1-
3(IE>S(I—-(-%Z>(XOCG(A/>—-/03M>



Yave:
/03(1—8>S l>(}(a G(/\A-—-/og/‘//>

- 3

X2
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