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• traditional fault-tolerance is not enough to reallistically 
fight decoherence

• topological alternatives (Kitaev):

• topological quantum computing (TQC)

• self-protected by energy gap

• immune to small local distortion

• topological codes (TC)

• geometrically local, active error correction

• error threshold for large size

• both are anyon-based: exotic statistics in 2D

motivation



• two problems addressed here:

• TQC: the anyons that are easier to get have no 
computational power

• TC: there exist extremely local TCs (2-local 
measurements in 2D), but no way to compute

• a solution / new tool:

• twists → use anyon symmetries to increase 
computational power

motivation



introduction

• why 2D?

• statistics beyond bosons and fermions

• topological interaction

• appear in systems with topological order (TO) (Wen ’89):

• gapped, ground state degeneracy depends on topology
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Anyon models can be symmetric under some permutations of their topological charges. One
can then conceive topological defects that, under monodromy, transform anyons according to a
symmetry. We study the realization of such defects in the toric code model, showing that a process
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Particle statistics are particularly rich in two spatial di-
mensions, where beyond the usual fermions and bosons
there exist more generally anyons (see [? ] for a com-
pilation of the basic references). Anyonic statistics are
complex enough to give rise to the notion of topological
quantum computation (TQC) [? ? ? ], where compu-
tations are carried out by braiding and fusing anyons,
see Fig. ??(a-c). The nonlocal encoding of quantum in-
formation on fusion channels and the topological nature
of braiding makes TQC naturally robust against local
perturbations, providing a complement to fault-tolerant
quantum computation [? ? ].

In condensed matter, anyons emerge as excitations in
systems that exhibit topological order [? ]. A possible
way to obtain these exotic phases is by engineering suit-
able Hamiltonians on lattice spin systems [? ? ? ? ?
]. Indeed, implementations on optical lattices have been
proposed [? ]. Unfortunately, the anyon models that ap-
pear in simple models are not computationally powerful.
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In this paper we address an strategy to recover compu-
tationally interesting anyon-like behavior from systems
with very simple anyonic statistics.

Our starting point are the symmetries that anyons may
exhibit. Anyon models have three main ingredients: (i)
a set of labels that identify the superselection sectors or
topological charges, (ii) fusion/splitting rules that dictate
the charges of composite systems, and (iii) braiding rules
that dictate the effect of particle exchanges. A symme-
try is a label permutation that leaves braiding and fusion
rules unchanged —for a recent survey, see [? ]—. Given a
symmetry s, we can imagine cutting the system along an
open curve, as in Fig. ??(d), and then gluing it again “up
to s”. Ideally the location of the cut itself is unphysical,
only its endpoints have a measurable effect. In partic-
ular, transporting an anyon around one end of the line
changes the charge of the anyon according to the action
of s. Our aim is to explore to which extent these topolog-
ical defects, that we call twists for short, can be “treated
as anyons” and used in TQC. Twists are being indepen-
dently studied by Kong and Kitaev [? ]. An interesting
precedent are the Alice strings appearing in some gauge
models [? ], which can cause charge conjugation under
monodromy, whereas the twists that we will discuss here
exchange electric and magnetic charges.

Rather than trying a general, abstract approach, we
will focus on a well-known spin model, the toric code
model, and address twists constructively. In this model
anyons have no computational power, but we will show
that twists behave as Ising anyons [? ], which are com-
putationally interesting. In fact, they do not directly
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tationally interesting anyon-like behavior from systems
with very simple anyonic statistics.

Our starting point are the symmetries that anyons may
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the charges of composite systems, and (iii) braiding rules
that dictate the effect of particle exchanges. A symme-
try is a label permutation that leaves braiding and fusion
rules unchanged —for a recent survey, see [? ]—. Given a
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open curve, as in Fig. ??(d), and then gluing it again “up
to s”. Ideally the location of the cut itself is unphysical,
only its endpoints have a measurable effect. In partic-
ular, transporting an anyon around one end of the line
changes the charge of the anyon according to the action
of s. Our aim is to explore to which extent these topolog-
ical defects, that we call twists for short, can be “treated
as anyons” and used in TQC. Twists are being indepen-
dently studied by Kong and Kitaev [? ]. An interesting
precedent are the Alice strings appearing in some gauge
models [? ], which can cause charge conjugation under
monodromy, whereas the twists that we will discuss here
exchange electric and magnetic charges.

Rather than trying a general, abstract approach, we
will focus on a well-known spin model, the toric code
model, and address twists constructively. In this model
anyons have no computational power, but we will show
that twists behave as Ising anyons [? ], which are com-
putationally interesting. In fact, they do not directly
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• abelian charge: given charge of constituents, total charge 
is known 

• topological charge can be non-abelian

introduction

a b

?



compute = braid measure = fuse
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pilation of the basic references). Anyonic statistics are
complex enough to give rise to the notion of topological
quantum computation (TQC) [? ? ? ], where compu-
tations are carried out by braiding and fusing anyons,
see Fig. ??(a-c). The nonlocal encoding of quantum in-
formation on fusion channels and the topological nature
of braiding makes TQC naturally robust against local
perturbations, providing a complement to fault-tolerant
quantum computation [? ? ].

In condensed matter, anyons emerge as excitations in
systems that exhibit topological order [? ]. A possible
way to obtain these exotic phases is by engineering suit-
able Hamiltonians on lattice spin systems [? ? ? ? ?

]. Indeed, implementations on optical lattices have been
proposed [? ]. Unfortunately, the anyon models that ap-
pear in simple models are not computationally powerful.
In this paper we address an strategy to recover compu-
tationally interesting anyon-like behavior from systems
with very simple anyonic statistics.
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that dictate the effect of particle exchanges. A symme-
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encode in fusion channels

• TQC (Kitaev ’03, Freedman et al ’03)

introduction



introduction

• abelian anyons have no computational power

• twists offer a way to recover non-abelian behavior!



• quantum error correcting codes protect quantum 
information using redundancy

• typically this involves encoding in a subspace

introduction

Code Subspace!

Er
ro

r!Hilbert!
space!
Er

ro
r!



• the code subspace can be defined in terms of commuting 
observables: check operators (CO)

• errors typically change CO values → allows to keep 
track of errors

introduction

CO measurement → error syndrome → 

→ compute most probable error
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σ × σ = 1 + ψ σ × ψ = σ ψ × ψ = 1 (4)

cj → cj+1

cj+1 → −cj

ck → ck

{1, r, g, b}

Γ = {e, ζ+, ζ−, σr, σg, σb}

σci

kikj =

{

kjki if ci = ζ+(cj),
−kikj otherwise.

(5)



introduction

• topological codes (Kitaev ‘97)

• geometrically local check operators = easy to measure

• global undetectable errors = hard to happen
2

FIG. 1: A 2-torus is an example of a topological space in
which a topological stabilizer code can be constructed. Here
the dots represent the qubits pinned down onto the surface.
The small blue area is the support of a local generator of the
stabilizer S (2). The big red area, which cannot be deformed
to a point, is the support of an undetectable error (in Z−S).

product of the form

pn :=
n

⊗

i=1

σi, σi ∈ {I, X, Y, Z}. (1)

The closure of such operators as a group is the Pauli
group Pn. Given an Abelian subgroup S ⊂ Pn, an sta-
bilizer code of length n is the subspace C ⊂ H⊗n

2 formed
by those vectors |φ〉 with eigenvalue 1 for any element
s ∈ S,

s|φ〉 = |φ〉. (2)

Let Z be the centralizer of S in Pn, i.e., the set of op-
erators in Pn that commute with the elements of S. A
Pauli operator z ∈ Z not contained in S up to a phase
leaves C invariant and acts nontrivially in C. Such oper-
ators, when regarded as errors, are clearly undetectable.
Let the weight of an operator be the number of qubits
in which it acts nontrivially. Then the minimal length
among the operators in Z − S is called the distance of
the code. Indeed, the code is capable of correcting a set
of Pauli errors E as long as for any M, N ∈ E the op-
erator M †N is not an undetectable error. Therefore, a
code of distance d = 2t + 1 can correct all the errors of
length less or equal to t. Given z ∈ Z and s ∈ S, z and
zs act equally in C. Then choosing suitably among the
equivalence classes of Z/S, we can find a Pauli operator
basis for the encoded qubits.

Topological stabilizer codes can be roughly defined as
stabilizer codes in which the generators of S can be cho-
sen to be local and undetectable errors have a support
that is topologically nontrivial, as shown in Fig. 1. We
are assuming that the physical qubits that make up the
stabilizer code are placed in certain topological space.
In particular, we will only consider codes placed onto
two-dimensional surfaces. One of the ideas behind topo-
logical stabilizer codes is that the locality of the gener-
ators is something very advantageous in order to per-
form error correction. Another important idea is that

(a) (b)

FIG. 2: Typical lattices for both kinds of 2-D topological sta-
bilizer codes. In both cases qubits are represented as circles
placed at sites. (a) A piece of a surface code [1]. Dark pla-
quettes have BX

p stabilizers attached, while light plaquettes
have BZ

p stabilizers attached. In both cases these operators
correspond to closed strings. For example, an X-string oper-
ator which is the product of three dark plaquette operators is
shown. (b) A piece of a color code [18]. All plaquettes have
BX

p and BZ
p stabilizers attached, which can be both visual-

ized as two strings of different colors. In the case of a blue
plaquette, its operators can be considered either as red or as
green strings. For example, a blue string operator which is
the product of two red and one green plaquette operators is
shown.

of self-protected quantum memories, something that we
will touch upon later.

The first example of topological stabilizer codes were
toric codes [1], in which the qubits are placed in a torus.
More generally, other surfaces and arbitrary lattices on
them can be considered, and the resulting codes were
termed in general surface codes [19], [5]. We will intro-
duce here surface codes in a way that differs slightly from
the original one but is absolutely equivalent. Consider
any tetravalent lattice [20] with bi-colorable plaquettes,
such as the one shown in Fig. 2(a). The plaquettes are
split into two sets, which we label as dark and light sets
of plaquettes. A surface code can be obtained from such
a lattice placing a qubit at each of its sites and choosing
suitable plaquette operators. In general, given a plaque-
tte p we define the plaquette operators

Bσ
p :=

⊗

i

σsp(i), σ = X, Z, (3)

where the product is over all the sites and sp(i) equals
one for sites belonging to p and is zero otherwise. In
the case of surface codes, the generators of S are BX

p for
dark plaquettes and BZ

p for light plaquettes. Note how
all these operators commute, thus generating an Abelian
subgroup. The encoded states |φ〉 satisfy the conditions

∀p ∈ PD BX
p |φ〉 = |φ〉, (4)

∀p ∈ PL BZ
p |φ〉 = |φ〉, (5)

where PD and PL are respectively the sets of dark and
light plaquettes.

qubit

check 
operator

undetectable 
error



introduction

• # encoded qubits depends on topology (homology)

• flexible: many lattices allowed, transversal gates possible

• boundaries: planar geometries 

• topological quantum memory (Dennis et al ‘02): 

• measure COs repeatedly

• under a noise threshold, storage time exp in size

• ideal error correction amounts to compute free energy

• code deformation: 

• change topology over time: initialize, compute, measure



introduction

• subsystem codes (Kribs et al ’05) can also improve locality

• only a subsystem of the code subspace is used

• check operators need not be measured directly → 
measurements potentially more local (Poulin ’05)

Logical 
qubits!

Gauge 
qubits!

Absorbed 
errors!

Hilbert!
space!



• topological subsystem color codes (TSCC) 
(Bombin ’09)

• “doubly local”: topology + subsystem

• error syndrome recovery needs 2-local 
measurements!

Topological Order with a Twist: Ising Anyons from an Abelian Model

H. Bombin
Perimeter Institute for Theoretical Physics, 31 Caroline St. N., Waterloo, Ontario N2L 2Y5, Canada

Anyon models can be symmetric under some permutations of their topological charges. One
can then conceive topological defects that, under monodromy, transform anyons according to a
symmetry. We study the realization of such defects in the toric code model, showing that a process
where defects are braided and fused has the same outcome as if they were Ising anyons. These ideas
can also be applied in the context of topological codes.

PACS numbers: 05.30.Pr, 03.67.Lx, 73.43.Cd

〈Ci〉 = ci

Z1Z2

Y2X3

Particle statistics are particularly rich in two spatial di-
mensions, where beyond the usual fermions and bosons
there exist more generally anyons (see [? ] for a com-
pilation of the basic references). Anyonic statistics are
complex enough to give rise to the notion of topological
quantum computation (TQC) [? ? ? ], where compu-
tations are carried out by braiding and fusing anyons,
see Fig. ??(a-c). The nonlocal encoding of quantum in-
formation on fusion channels and the topological nature
of braiding makes TQC naturally robust against local
perturbations, providing a complement to fault-tolerant
quantum computation [? ? ].

In condensed matter, anyons emerge as excitations in
systems that exhibit topological order [? ]. A possible
way to obtain these exotic phases is by engineering suit-
able Hamiltonians on lattice spin systems [? ? ? ? ?

]. Indeed, implementations on optical lattices have been
proposed [? ]. Unfortunately, the anyon models that ap-
pear in simple models are not computationally powerful.
In this paper we address an strategy to recover compu-
tationally interesting anyon-like behavior from systems
with very simple anyonic statistics.
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Our starting point are the symmetries that anyons may
exhibit. Anyon models have three main ingredients: (i)
a set of labels that identify the superselection sectors or
topological charges, (ii) fusion/splitting rules that dictate
the charges of composite systems, and (iii) braiding rules
that dictate the effect of particle exchanges. A symme-
try is a label permutation that leaves braiding and fusion
rules unchanged —for a recent survey, see [? ]—. Given a
symmetry s, we can imagine cutting the system along an
open curve, as in Fig. ??(d), and then gluing it again “up
to s”. Ideally the location of the cut itself is unphysical,
only its endpoints have a measurable effect. In partic-
ular, transporting an anyon around one end of the line
changes the charge of the anyon according to the action
of s. Our aim is to explore to which extent these topolog-
ical defects, that we call twists for short, can be “treated
as anyons” and used in TQC. Twists are being indepen-
dently studied by Kong and Kitaev [? ]. An interesting
precedent are the Alice strings appearing in some gauge
models [? ], which can cause charge conjugation under
monodromy, whereas the twists that we will discuss here
exchange electric and magnetic charges.

Rather than trying a general, abstract approach, we
will focus on a well-known spin model, the toric code
model, and address twists constructively. In this model
anyons have no computational power, but we will show
that twists behave as Ising anyons [? ], which are com-
putationally interesting. In fact, they do not directly
allow universal computation, but there exist strategies
to overcome this difficulty [? ? ? ]. In [? ], Wootton
et al. also try to mimic the non-abelian behavior in an
abelian system, using an entirely different approach and
philosophy.

We remark that, although the discussion will mainly
be in terms of topological order, it has direct application
in the closely related context of topological codes [? ? ?

? ].

Anyon models— Anyon models are mathematically
characterized by modular tensor categories, but we will
not need such generalities (for an introduction, see for
example [? ]). Instead, we will illustrate the content of
anyon models with an example: Ising anyons.

The first element of an anyon model is a set of la-
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Our starting point are the symmetries that anyons may
exhibit. Anyon models have three main ingredients: (i)
a set of labels that identify the superselection sectors or
topological charges, (ii) fusion/splitting rules that dictate
the charges of composite systems, and (iii) braiding rules
that dictate the effect of particle exchanges. A symme-
try is a label permutation that leaves braiding and fusion
rules unchanged —for a recent survey, see [? ]—. Given a
symmetry s, we can imagine cutting the system along an
open curve, as in Fig. ??(d), and then gluing it again “up
to s”. Ideally the location of the cut itself is unphysical,
only its endpoints have a measurable effect. In partic-
ular, transporting an anyon around one end of the line
changes the charge of the anyon according to the action
of s. Our aim is to explore to which extent these topolog-
ical defects, that we call twists for short, can be “treated
as anyons” and used in TQC. Twists are being indepen-
dently studied by Kong and Kitaev [? ]. An interesting
precedent are the Alice strings appearing in some gauge
models [? ], which can cause charge conjugation under
monodromy, whereas the twists that we will discuss here
exchange electric and magnetic charges.

Rather than trying a general, abstract approach, we
will focus on a well-known spin model, the toric code
model, and address twists constructively. In this model
anyons have no computational power, but we will show
that twists behave as Ising anyons [? ], which are com-
putationally interesting. In fact, they do not directly
allow universal computation, but there exist strategies
to overcome this difficulty [? ? ? ]. In [? ], Wootton
et al. also try to mimic the non-abelian behavior in an
abelian system, using an entirely different approach and
philosophy.

We remark that, although the discussion will mainly
be in terms of topological order, it has direct application
in the closely related context of topological codes [? ? ?

? ].

Anyon models— Anyon models are mathematically
characterized by modular tensor categories, but we will
not need such generalities (for an introduction, see for
example [? ]). Instead, we will illustrate the content of
anyon models with an example: Ising anyons.

The first element of an anyon model is a set of la-
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kj → kj+1, kj+1 →







−kj if cj = cj+1,
ikjkj+1 if cj = ζ−(cj+1),
−kjkj+1 otherwise.

(6)

S1 S2 S1S2 = −S2S1
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Particle statistics are particularly rich in two spatial di-
mensions, where beyond the usual fermions and bosons
there exist more generally anyons (see [? ] for a com-
pilation of the basic references). Anyonic statistics are
complex enough to give rise to the notion of topological
quantum computation (TQC) [? ? ? ], where compu-
tations are carried out by braiding and fusing anyons,
see Fig. ??(a-c). The nonlocal encoding of quantum in-
formation on fusion channels and the topological nature
of braiding makes TQC naturally robust against local
perturbations, providing a complement to fault-tolerant
quantum computation [? ? ].

In condensed matter, anyons emerge as excitations in
systems that exhibit topological order [? ]. A possible
way to obtain these exotic phases is by engineering suit-
able Hamiltonians on lattice spin systems [? ? ? ? ?
]. Indeed, implementations on optical lattices have been
proposed [? ]. Unfortunately, the anyon models that ap-
pear in simple models are not computationally powerful.
In this paper we address an strategy to recover compu-
tationally interesting anyon-like behavior from systems
with very simple anyonic statistics.

Our starting point are the symmetries that anyons may
exhibit. Anyon models have three main ingredients: (i)
a set of labels that identify the superselection sectors or
topological charges, (ii) fusion/splitting rules that dictate
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FIG. 1: (a) The three-valent lattice Λ, shown dashed, gives
rise to the lattice Λ̄, in solid lines. (b) The correspondence
between single-qubit Pauli operators and shadings. (c) A lat-
tice Λ with three colorable faces, and a string-net γ. (d) The
corresponding lattice Λ̄ and closed shading γ. (e) A twist,
a face with an odd number of links, spoils three-colorability
along the dashed line. A string enclosing it changes its label.

called gauge group, that has S as its center, up to phases
[19]. This splits the code into a logical subsystem, where
G acts trivially, and a gauge subsystem, where ZG , the
centralizer of G in Pn, acts trivially. The quotient ZG/S
naturally provides Pauli operators on logical qubits, be-
cause the corresponding equivalence in ZG , denoted ≡
below, implies an equivalent action on encoded states.

Topological subsystem codes— These stabilizer sub-
system codes were introduced in [4], but here we will
modify then slightly to accommodate the concept of
twist. The starting point is any three-valent [27] lat-
tice Λ on an oriented closed surface. Expanding vertices
into triangles and duplicating the existing links, as in
Fig. 1(a), produces a new lattice Λ̄. We place a qubit
at each vertex of Λ̄, and define G in terms of a set of 2-
local generators, two per qubit. For the marked vertex of
Fig. 1(a) these are Z1Z2 and Y2X3. This generalizes to
other vertices by following the orientation of the lattice.

To characterize ZG it is convenient to represent Pauli
operators graphically. For each vertex of Λ̄, let us ‘shade’
a portion of the neighboring triangles and links in one
of the four ways shown in Fig. 1(b). We relate such a
shading γ to a Pauli operator Pγ :=

⊗

i σi with σi =
1, X, Y, Z as indicated in the figure. We say that γ is
closed if each link and triangle is either entirely shaded
or unshaded, so that Pγ ∈ ZG if and only if γ is closed.

Three-colorability— Suppose that the faces of Λ can
be colored as red (r), green (g) and blue (b) in such a way
that neighboring faces have different color, as in [4, 28],
see Fig. 1(c). Let us give to the set C := {e, r, g, b}
the group structure of Z2 × Z2, with e the unit. Then
closed shadings as the one in Fig. 1(d) are in a one-to-
one correspondence with string-nets [29] as the one in
Fig. 1(c). String-nets are labelings of the links of Λ with
the elements of C such that the product of the labels
of the links meeting at any vertex is trivial. We depict
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FIG. 2: Equivalence rules for string-net operators Pγ in terms
of the corresponding string-nets γ. Crosses mark twists,
squares mark common endpoints, ± signs are unrelated,
c, c′ ∈ {r, g, b} label the strings and c "= c′.

strings only at those links with non-trivial labels, so that
the only possible branching point involves three strings of
different colors. To clarify the correspondence, let γ be a
closed shading. Each link l in Λ gives rise to two parallel
links l1, l2 in Λ̄, which can be labeled with the colors
c1, c2 of their corresponding faces in Λ. The string-net
is obtained by attaching to l the value lγ := lγ1 lγ2 , with
lγi = ci if li is shaded, lγi = e otherwise. In what follows
we identify string-nets and closed shadings.

We will need a generalization of string-nets in which
strings are allowed to go over or under other strings, see
Fig. 2(c-e). Take any string-net γ containing such self-
crossing points. Split the shading γ in any p portions γi

that do not self-cross, ordered in such a way that if i > j
then γi does not go under γj . Then Pγ := Pγr

· · ·Pγ1
, a

definition independent of the γi choice.

Consider now loops, string-nets without branchings.
The boundary of each face f of Λ gives rise to three
such loops γc, one per color c, defining the face operators
P c

f := Pγc . Face operators belong to G and generate
a valid stabilizer group S, as they are subject only to
the global relations

∏

f P c
f = 1 and the local relations

P r
fP g

f P b
f = 1 [4]. This choice for S gives equivalence rules

for loop operators with a clear topological nature, see
Fig. 2(a-e). The rules in Fig. 2(d,e) involving branching
points do not specify the sign [30], but they will suffice.

Twists— Consider again the general case of non-
three-colorable lattices, but restricted to lattices in the
sphere. These can in practice be realized in the plane,
by introducing arbitrary boundaries that only affect er-
ror correction. The three-colorability of Λ is spoiled by
faces with an odd number of links, see Fig. 1(e), which
we call twists, as opposed to regular faces. Since all the
properties of the code will turn out to have a topological
character, we will suppose w.l.o.g. that there are t twists
placed along a line T , see Fig. 3(b), and that the coloring
is such that faces of the same color only meet at this line.

String-nets are still useful if labels are carefully man-

introduction



introduction

• TC and TO are closely related for subspace codes

• TSCCs also have an anyonic picture for error syndromes

Topological codes     VS     Topological order

Code subspace     ↔     Ground subspace
Error syndrome     ↔     Excitation configuration

Check operators     ↔     Hamiltonian terms



• TSCCs do not allow boundaries

• no natural planar codes

• code deformation becomes unpractical

• with twists

• we can build planar TSCCs

• whole Clifford group by code deformation! 

introduction



twists

• ingredients of an anyon model:

topological 
charges

fusion rules braiding rules
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Particle statistics are particularly rich in two spatial di-
mensions, where beyond the usual fermions and bosons
there exist more generally anyons (see [? ] for a com-
pilation of the basic references). Anyonic statistics are
complex enough to give rise to the notion of topological
quantum computation (TQC) [? ? ? ], where compu-
tations are carried out by braiding and fusing anyons,
see Fig. ??(a-c). The nonlocal encoding of quantum in-
formation on fusion channels and the topological nature
of braiding makes TQC naturally robust against local
perturbations, providing a complement to fault-tolerant
quantum computation [? ? ].

In condensed matter, anyons emerge as excitations in
systems that exhibit topological order [? ]. A possible
way to obtain these exotic phases is by engineering suit-
able Hamiltonians on lattice spin systems [? ? ? ? ?
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]. Indeed, implementations on optical lattices have been
proposed [? ]. Unfortunately, the anyon models that ap-
pear in simple models are not computationally powerful.
In this paper we address an strategy to recover compu-
tationally interesting anyon-like behavior from systems
with very simple anyonic statistics.

Our starting point are the symmetries that anyons may
exhibit. Anyon models have three main ingredients: (i)
a set of labels that identify the superselection sectors or
topological charges, (ii) fusion/splitting rules that dictate
the charges of composite systems, and (iii) braiding rules
that dictate the effect of particle exchanges. A symme-
try is a label permutation that leaves braiding and fusion
rules unchanged —for a recent survey, see [? ]—. Given a
symmetry s, we can imagine cutting the system along an
open curve, as in Fig. ??(d), and then gluing it again “up
to s”. Ideally the location of the cut itself is unphysical,
only its endpoints have a measurable effect. In partic-
ular, transporting an anyon around one end of the line
changes the charge of the anyon according to the action
of s. Our aim is to explore to which extent these topolog-
ical defects, that we call twists for short, can be “treated
as anyons” and used in TQC. Twists are being indepen-
dently studied by Kong and Kitaev [? ]. An interesting
precedent are the Alice strings appearing in some gauge
models [? ], which can cause charge conjugation under
monodromy, whereas the twists that we will discuss here
exchange electric and magnetic charges.

Rather than trying a general, abstract approach, we
will focus on a well-known spin model, the toric code
model, and address twists constructively. In this model
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see Fig. ??(a-c). The nonlocal encoding of quantum in-
formation on fusion channels and the topological nature
of braiding makes TQC naturally robust against local
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quantum computation [? ? ].
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way to obtain these exotic phases is by engineering suit-
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]. Indeed, implementations on optical lattices have been
proposed [? ]. Unfortunately, the anyon models that ap-
pear in simple models are not computationally powerful.
In this paper we address an strategy to recover compu-
tationally interesting anyon-like behavior from systems
with very simple anyonic statistics.

Our starting point are the symmetries that anyons may
exhibit. Anyon models have three main ingredients: (i)
a set of labels that identify the superselection sectors or
topological charges, (ii) fusion/splitting rules that dictate
the charges of composite systems, and (iii) braiding rules
that dictate the effect of particle exchanges. A symme-
try is a label permutation that leaves braiding and fusion
rules unchanged —for a recent survey, see [? ]—. Given a
symmetry s, we can imagine cutting the system along an
open curve, as in Fig. ??(d), and then gluing it again “up
to s”. Ideally the location of the cut itself is unphysical,
only its endpoints have a measurable effect. In partic-
ular, transporting an anyon around one end of the line
changes the charge of the anyon according to the action
of s. Our aim is to explore to which extent these topolog-
ical defects, that we call twists for short, can be “treated
as anyons” and used in TQC. Twists are being indepen-
dently studied by Kong and Kitaev [? ]. An interesting
precedent are the Alice strings appearing in some gauge
models [? ], which can cause charge conjugation under
monodromy, whereas the twists that we will discuss here
exchange electric and magnetic charges.

Rather than trying a general, abstract approach, we
will focus on a well-known spin model, the toric code
model, and address twists constructively. In this model
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In condensed matter, anyons emerge as excitations in
systems that exhibit topological order [? ]. A possible
way to obtain these exotic phases is by engineering suit-
able Hamiltonians on lattice spin systems [? ? ? ? ?
]. Indeed, implementations on optical lattices have been
proposed [? ]. Unfortunately, the anyon models that ap-
pear in simple models are not computationally powerful.
In this paper we address an strategy to recover compu-
tationally interesting anyon-like behavior from systems
with very simple anyonic statistics.

Our starting point are the symmetries that anyons may
exhibit. Anyon models have three main ingredients: (i)
a set of labels that identify the superselection sectors or
topological charges, (ii) fusion/splitting rules that dictate
the charges of composite systems, and (iii) braiding rules
that dictate the effect of particle exchanges. A symme-
try is a label permutation that leaves braiding and fusion
rules unchanged —for a recent survey, see [? ]—. Given a
symmetry s, we can imagine cutting the system along an
open curve, as in Fig. ??(d), and then gluing it again “up
to s”. Ideally the location of the cut itself is unphysical,
only its endpoints have a measurable effect. In partic-
ular, transporting an anyon around one end of the line
changes the charge of the anyon according to the action
of s. Our aim is to explore to which extent these topolog-
ical defects, that we call twists for short, can be “treated
as anyons” and used in TQC. Twists are being indepen-
dently studied by Kong and Kitaev [? ]. An interesting
precedent are the Alice strings appearing in some gauge
models [? ], which can cause charge conjugation under
monodromy, whereas the twists that we will discuss here
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In this paper we address an strategy to recover compu-
tationally interesting anyon-like behavior from systems
with very simple anyonic statistics.
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a set of labels that identify the superselection sectors or
topological charges, (ii) fusion/splitting rules that dictate
the charges of composite systems, and (iii) braiding rules
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of s. Our aim is to explore to which extent these topolog-
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perturbations, providing a complement to fault-tolerant
quantum computation [? ? ].

In condensed matter, anyons emerge as excitations in
systems that exhibit topological order [? ]. A possible
way to obtain these exotic phases is by engineering suit-
able Hamiltonians on lattice spin systems [? ? ? ? ?

]. Indeed, implementations on optical lattices have been
proposed [? ]. Unfortunately, the anyon models that ap-
pear in simple models are not computationally powerful.
In this paper we address an strategy to recover compu-
tationally interesting anyon-like behavior from systems
with very simple anyonic statistics.

Our starting point are the symmetries that anyons may
exhibit. Anyon models have three main ingredients: (i)
a set of labels that identify the superselection sectors or
topological charges, (ii) fusion/splitting rules that dictate
the charges of composite systems, and (iii) braiding rules
that dictate the effect of particle exchanges. A symme-
try is a label permutation that leaves braiding and fusion
rules unchanged —for a recent survey, see [? ]—. Given a
symmetry s, we can imagine cutting the system along an
open curve, as in Fig. ??(d), and then gluing it again “up
to s”. Ideally the location of the cut itself is unphysical,
only its endpoints have a measurable effect. In partic-
ular, transporting an anyon around one end of the line
changes the charge of the anyon according to the action
of s. Our aim is to explore to which extent these topolog-
ical defects, that we call twists for short, can be “treated
as anyons” and used in TQC. Twists are being indepen-
dently studied by Kong and Kitaev [? ]. An interesting
precedent are the Alice strings appearing in some gauge
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quantum computation (TQC) [? ? ? ], where compu-
tations are carried out by braiding and fusing anyons,
see Fig. ??(a-c). The nonlocal encoding of quantum in-
formation on fusion channels and the topological nature
of braiding makes TQC naturally robust against local
perturbations, providing a complement to fault-tolerant
quantum computation [? ? ].

In condensed matter, anyons emerge as excitations in
systems that exhibit topological order [? ]. A possible
way to obtain these exotic phases is by engineering suit-
able Hamiltonians on lattice spin systems [? ? ? ? ?

]. Indeed, implementations on optical lattices have been
proposed [? ]. Unfortunately, the anyon models that ap-
pear in simple models are not computationally powerful.
In this paper we address an strategy to recover compu-
tationally interesting anyon-like behavior from systems
with very simple anyonic statistics.

Our starting point are the symmetries that anyons may
exhibit. Anyon models have three main ingredients: (i)
a set of labels that identify the superselection sectors or
topological charges, (ii) fusion/splitting rules that dictate
the charges of composite systems, and (iii) braiding rules
that dictate the effect of particle exchanges. A symme-
try is a label permutation that leaves braiding and fusion
rules unchanged —for a recent survey, see [? ]—. Given a
symmetry s, we can imagine cutting the system along an
open curve, as in Fig. ??(d), and then gluing it again “up
to s”. Ideally the location of the cut itself is unphysical,
only its endpoints have a measurable effect. In partic-
ular, transporting an anyon around one end of the line
changes the charge of the anyon according to the action
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]. Indeed, implementations on optical lattices have been
proposed [? ]. Unfortunately, the anyon models that ap-
pear in simple models are not computationally powerful.
In this paper we address an strategy to recover compu-
tationally interesting anyon-like behavior from systems
with very simple anyonic statistics.

Our starting point are the symmetries that anyons may
exhibit. Anyon models have three main ingredients: (i)
a set of labels that identify the superselection sectors or
topological charges, (ii) fusion/splitting rules that dictate
the charges of composite systems, and (iii) braiding rules
that dictate the effect of particle exchanges. A symme-
try is a label permutation that leaves braiding and fusion
rules unchanged —for a recent survey, see [? ]—. Given a
symmetry s, we can imagine cutting the system along an
open curve, as in Fig. ??(d), and then gluing it again “up
to s”. Ideally the location of the cut itself is unphysical,
only its endpoints have a measurable effect. In partic-
ular, transporting an anyon around one end of the line
changes the charge of the anyon according to the action
of s. Our aim is to explore to which extent these topolog-
ical defects, that we call twists for short, can be “treated
as anyons” and used in TQC. Twists are being indepen-
dently studied by Kong and Kitaev [? ]. An interesting
precedent are the Alice strings appearing in some gauge
models [? ], which can cause charge conjugation under
monodromy, whereas the twists that we will discuss here
exchange electric and magnetic charges.

Rather than trying a general, abstract approach, we
will focus on a well-known spin model, the toric code
model, and address twists constructively. In this model
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In condensed matter, anyons emerge as excitations in
systems that exhibit topological order [? ]. A possible
way to obtain these exotic phases is by engineering suit-
able Hamiltonians on lattice spin systems [? ? ? ? ?
]. Indeed, implementations on optical lattices have been
proposed [? ]. Unfortunately, the anyon models that ap-
pear in simple models are not computationally powerful.
In this paper we address an strategy to recover compu-
tationally interesting anyon-like behavior from systems
with very simple anyonic statistics.

Our starting point are the symmetries that anyons may
exhibit. Anyon models have three main ingredients: (i)
a set of labels that identify the superselection sectors or
topological charges, (ii) fusion/splitting rules that dictate
the charges of composite systems, and (iii) braiding rules
that dictate the effect of particle exchanges. A symme-
try is a label permutation that leaves braiding and fusion
rules unchanged —for a recent survey, see [? ]—. Given a
symmetry s, we can imagine cutting the system along an
open curve, as in Fig. ??(d), and then gluing it again “up
to s”. Ideally the location of the cut itself is unphysical,
only its endpoints have a measurable effect. In partic-
ular, transporting an anyon around one end of the line
changes the charge of the anyon according to the action
of s. Our aim is to explore to which extent these topolog-
ical defects, that we call twists for short, can be “treated
as anyons” and used in TQC. Twists are being indepen-
dently studied by Kong and Kitaev [? ]. An interesting
precedent are the Alice strings appearing in some gauge
models [? ], which can cause charge conjugation under
monodromy, whereas the twists that we will discuss here
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]. Indeed, implementations on optical lattices have been
proposed [? ]. Unfortunately, the anyon models that ap-
pear in simple models are not computationally powerful.
In this paper we address an strategy to recover compu-
tationally interesting anyon-like behavior from systems
with very simple anyonic statistics.

Our starting point are the symmetries that anyons may
exhibit. Anyon models have three main ingredients: (i)
a set of labels that identify the superselection sectors or
topological charges, (ii) fusion/splitting rules that dictate
the charges of composite systems, and (iii) braiding rules
that dictate the effect of particle exchanges. A symme-
try is a label permutation that leaves braiding and fusion
rules unchanged —for a recent survey, see [? ]—. Given a
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as anyons” and used in TQC. Twists are being indepen-
dently studied by Kong and Kitaev [? ]. An interesting
precedent are the Alice strings appearing in some gauge
models [? ], which can cause charge conjugation under
monodromy, whereas the twists that we will discuss here
exchange electric and magnetic charges.

Rather than trying a general, abstract approach, we
will focus on a well-known spin model, the toric code
model, and address twists constructively. In this model

2

Ising anyons fusion rules take the form

σ × σ = 1 + ψ, σ × ψ = σ, ψ × ψ = 1. (1)

That is, a pair of σ-s may fuse into the vacuum or produce
a ψ, a σ and a ψ always fuse into σ and two ψ-s into the
vacuum. Fusion rules are commutative and 1 × a = a.

When two σ anyons are far apart, their total charge,
which might be 1 or ψ, becomes a non-local degree of
freedom. This is indeed an example of a topologically
protected qubit, since there are two possible global states.
We can measure this qubit in the charge basis by fusing
the two σ-s and checking the output. In general for any
set of anyons with given charges there is a fusion space
that describes the non-local degrees of freedom related to
fusion outcomes. For example, for 2n σ-s with indefinite
total charge the fusion space has dimension 2n.

Braiding operations as those in Fig. 1(a,b) act on the
fusion space in a topologically protected way. This action
is in general described by braiding rules, but in the case
of Ising anyons it is possible to characterize braiding with
Majorana operators. In particular, for 2n σ-s we need 2n
majorana operators ci. These are self-adjoint operators
that satisfy cjck +ckcj = 2δjk and act on C2

n

, as needed.
The total charge of the j-th and j + 1-th anyon is given
by the operator −icjcj+1, the eigenvalues +1 and −1
corresponding to the total charge 1 and ψ, respectively.
Under the braiding of Fig. 1(a) the operators evolve as
follows:

cj → cj+1, cj+1 → −cj , ck → ck, (2)

where j $= k $= j + 1. This describes braiding up to
process dependent phases that we will not need.

The quantum gates obtained from the braiding of σ
anyons are not universal. Indeed, they are Clifford gates.
Yet, they can be complemented with physically plausi-
ble, topologically unprotected, noisy operations to get
universal quantum computation [17].

Symmetries— We will now illustrate the notion of a
symmetry in an anyon model with the model technically
known as the quantum double of the group Z2. It has
four charges: 1, e, m and ε. The fusion rules are

e × m = ε, e × ε = m, m × ε = e,

e × e = m × m = ε × ε = 1. (3)

These are abelian fusion rules: the result of a fusion has
always a definite outcome. Thus, the fusion space is triv-
ial and the effect of braiding a charge a with a charge b
as in Fig. 1(a) can be captured in a phase Rab. The Rab

phases have in general no measurable effect, but we can
build the following invariants, in principle measurable:

Ree = Rmm = 1, Rεε = −1,

RemRme = ReεRεe = RmεRεm = −1. (4)

Thus e and m charges are bosons and ε charges fermions.

FIG. 2: A square lattice with spins living at vertices. (a) Pla-
quette operators are products of four Pauli operators. String
operator are products of Pauli operators on their edges. (b)
A dislocation in the geometry of the Hamiltonian produced
by shifting plaquettes. In the pentagon one can introduce the
indicated plaquette operator, which commutes with the rest.

A remarkable property of the rules (3, 4) is their invari-
ance under the exchange of e and m. Indeed, there exists
a self-equivalence of the corresponding modular tensor
category that exchanges e and m [13]. It is then con-
ceivable a construction as that in Fig. 1(d), where there
is a line in the system across which e and m charges are
exchanged. The rest of this paper is devoted to explicitly
realize this in a spin model and explore its consequences.

Toric code model— This is a spin-1/2 Hamiltonian
model, with spins forming a square lattice. The inter-
actions are four-body, with each plaquette in the lattice
contributing a Pauli product term to the Hamiltonian:

H := −
∑

k

Ak, Ak := σx
kσz

k+iσ
x
k+i+jσ

z
k+j. (5)

Here k = (i, j) indexes the spins and i := (1, 0), j :=
(0, 1). We have chosen a uniform coupling J = 1; taking
instead a different non-zero coupling for each term would
not change the physics that interest us. The Hamilto-
nian (5) might be hard to engineer, but it can be ob-
tained effectively from a two-body spin-1/2 model [8] for
which there exist experimental proposals [12]. The toric
code model was originally introduced by Kitaev [2], but
the more symmetric form (5) is due to Wen [9]. This
symmetry was further studied in [26].

The ground subspace of (5) is described by the con-
ditions Ak = 1. Excitations are localized and gapped:
a plaquette k is excited if Ak = −1, in which case we
say that it holds a quasiparticle. These quasiparticles are
anyons, described by the quantum double of Z2 (3,4). To
label quasiparticles with their topological charge, we first
have to label plaquettes with two ‘colors’ as in a chess-
board lattice, see Fig. 2(a). Then we can attach a charge
e (charge m) to quasiparticles living at dark (light) pla-
quettes. Notice that the exchange of e and m labels is
trivially a symmetry at the Hamiltonian level, since the
choice of dark/light plaquettes is entirely arbitrary.

String operators— Consider the action of σx
k . It flips

the state of the plaquettes k−i and k−j, either hopping a
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Particle statistics are particularly rich in two spatial di-
mensions, where beyond the usual fermions and bosons
there exist more generally anyons (see [1] for a compi-
lation of the basic references). Anyonic statistics are
complex enough to give rise to the notion of topologi-
cal quantum computation (TQC) [2–4], where compu-
tations are carried out by braiding and fusing anyons,
see Fig. 1(a-c). The nonlocal encoding of quantum in-
formation on fusion channels and the topological nature
of braiding makes TQC naturally robust against local
perturbations, providing a complement to fault-tolerant
quantum computation [5, 6].

In condensed matter, anyons emerge as excitations in
systems that exhibit topological order [7]. A possible
way to obtain these exotic phases is by engineering suit-
able Hamiltonians on lattice spin systems [2, 8–11]. In-
deed, implementations on optical lattices have been pro-
posed [12]. Unfortunately, the anyon models that ap-
pear in simple models are not computationally powerful.
In this paper we address an strategy to recover compu-
tationally interesting anyon-like behavior from systems
with very simple anyonic statistics.

Our starting point are the symmetries that anyons may
exhibit. Anyon models have three main ingredients: (i)
a set of labels that identify the superselection sectors or
topological charges, (ii) fusion/splitting rules that dictate
the charges of composite systems, and (iii) braiding rules
that dictate the effect of particle exchanges. A symme-
try is a label permutation that leaves braiding and fusion
rules unchanged —for a recent survey, see [13]—. Given a
symmetry s, we can imagine cutting the system along an

FIG. 1: Anyon processes: time flows upwards. (a,b) Two
topologically distinct ways to exchange anyons. (c) A fusion
of two anyons. (d) Two twists (crosses) connected by a line
(dotted) across which e charges become m charges.

open curve, as in Fig. 1(d), and then gluing it again “up
to s”. Ideally the location of the cut itself is unphysical,
only its endpoints have a measurable effect. In partic-
ular, transporting an anyon around one end of the line
changes the charge of the anyon according to the action
of s. Our aim is to explore to which extent these topolog-
ical defects, that we call twists for short, can be “treated
as anyons” and used in TQC. Twists are being indepen-
dently studied by Kong and Kitaev [14]. An interesting
precedent are the Alice strings appearing in some gauge
models [15], which can cause charge conjugation under
monodromy, whereas the twists that we will discuss here
exchange electric and magnetic charges.

Rather than trying a general, abstract approach, we
will focus on a well-known spin model, the toric code
model, and address twists constructively. In this model
anyons have no computational power, but we will show
that twists behave as Ising anyons [16], which are compu-
tationally interesting. In fact, they do not directly allow
universal computation, but there exist strategies to over-
come this difficulty [17–19]. In [20], Wootton et al. also
try to mimic the non-abelian behavior in an abelian sys-
tem, using an entirely different approach and philosophy.

We remark that, although the discussion will mainly
be in terms of topological order, it has direct application
in the closely related context of topological codes [21–24].

Anyon models— Anyon models are mathematically
characterized by modular tensor categories, but we will
not need such generalities (for an introduction, see for
example [25]). Instead, we will illustrate the content of
anyon models with an example: Ising anyons.

The first element of an anyon model is a set of la-
bels that identify the superselection sectors or topological
charges of the model. For Ising anyons there are three:
1, σ and ψ. Any given anyon carries such a charge, which
cannot be changed locally. We can also attach a charge
to a set of anyons or a to a given region. A region without
anyons has trivial charge 1.

Next we need a set of fusion rules that specify the pos-
sible values of the total charge in a composite system. In
terms of anyon processes, fusion rules specify the possible
outcomes of the fusion of two anyons, see Fig. 1(c). For
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Ising anyons fusion rules take the form

σ × σ = 1 + ψ, σ × ψ = σ, ψ × ψ = 1. (1)

That is, a pair of σ-s may fuse into the vacuum or produce
a ψ, a σ and a ψ always fuse into σ and two ψ-s into the
vacuum. Fusion rules are commutative and 1 × a = a.

When two σ anyons are far apart, their total charge,
which might be 1 or ψ, becomes a non-local degree of
freedom. This is indeed an example of a topologically
protected qubit, since there are two possible global states.
We can measure this qubit in the charge basis by fusing
the two σ-s and checking the output. In general for any
set of anyons with given charges there is a fusion space
that describes the non-local degrees of freedom related to
fusion outcomes. For example, for 2n σ-s with indefinite
total charge the fusion space has dimension 2n.

Braiding operations as those in Fig. 1(a,b) act on the
fusion space in a topologically protected way. This action
is in general described by braiding rules, but in the case
of Ising anyons it is possible to characterize braiding with
Majorana operators. In particular, for 2n σ-s we need 2n
majorana operators ci. These are self-adjoint operators
that satisfy cjck +ckcj = 2δjk and act on C2

n

, as needed.
The total charge of the j-th and j + 1-th anyon is given
by the operator −icjcj+1, the eigenvalues +1 and −1
corresponding to the total charge 1 and ψ, respectively.
Under the braiding of Fig. 1(a) the operators evolve as
follows:

cj → cj+1, cj+1 → −cj , ck → ck, (2)

where j $= k $= j + 1. This describes braiding up to
process dependent phases that we will not need.

The quantum gates obtained from the braiding of σ
anyons are not universal. Indeed, they are Clifford gates.
Yet, they can be complemented with physically plausi-
ble, topologically unprotected, noisy operations to get
universal quantum computation [17].

Symmetries— We will now illustrate the notion of a
symmetry in an anyon model with the model technically
known as the quantum double of the group Z2. It has
four charges: 1, e, m and ε. The fusion rules are

e × m = ε, e × ε = m, m × ε = e,

e × e = m × m = ε × ε = 1. (3)

These are abelian fusion rules: the result of a fusion has
always a definite outcome. Thus, the fusion space is triv-
ial and the effect of braiding a charge a with a charge b
as in Fig. 1(a) can be captured in a phase Rab. The Rab

phases have in general no measurable effect, but we can
build the following invariants, in principle measurable:

Ree = Rmm = 1, Rεε = −1,

RemRme = ReεRεe = RmεRεm = −1. (4)

Thus e and m charges are bosons and ε charges fermions.

FIG. 2: A square lattice with spins living at vertices. (a) Pla-
quette operators are products of four Pauli operators. String
operator are products of Pauli operators on their edges. (b)
A dislocation in the geometry of the Hamiltonian produced
by shifting plaquettes. In the pentagon one can introduce the
indicated plaquette operator, which commutes with the rest.

A remarkable property of the rules (3, 4) is their invari-
ance under the exchange of e and m. Indeed, there exists
a self-equivalence of the corresponding modular tensor
category that exchanges e and m [13]. It is then con-
ceivable a construction as that in Fig. 1(d), where there
is a line in the system across which e and m charges are
exchanged. The rest of this paper is devoted to explicitly
realize this in a spin model and explore its consequences.

Toric code model— This is a spin-1/2 Hamiltonian
model, with spins forming a square lattice. The inter-
actions are four-body, with each plaquette in the lattice
contributing a Pauli product term to the Hamiltonian:

H := −
∑

k

Ak, Ak := σx
kσz

k+iσ
x
k+i+jσ

z
k+j. (5)

Here k = (i, j) indexes the spins and i := (1, 0), j :=
(0, 1). We have chosen a uniform coupling J = 1; taking
instead a different non-zero coupling for each term would
not change the physics that interest us. The Hamilto-
nian (5) might be hard to engineer, but it can be ob-
tained effectively from a two-body spin-1/2 model [8] for
which there exist experimental proposals [12]. The toric
code model was originally introduced by Kitaev [2], but
the more symmetric form (5) is due to Wen [9]. This
symmetry was further studied in [26].

The ground subspace of (5) is described by the con-
ditions Ak = 1. Excitations are localized and gapped:
a plaquette k is excited if Ak = −1, in which case we
say that it holds a quasiparticle. These quasiparticles are
anyons, described by the quantum double of Z2 (3,4). To
label quasiparticles with their topological charge, we first
have to label plaquettes with two ‘colors’ as in a chess-
board lattice, see Fig. 2(a). Then we can attach a charge
e (charge m) to quasiparticles living at dark (light) pla-
quettes. Notice that the exchange of e and m labels is
trivially a symmetry at the Hamiltonian level, since the
choice of dark/light plaquettes is entirely arbitrary.

String operators— Consider the action of σx
k . It flips

the state of the plaquettes k−i and k−j, either hopping a
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A remarkable property of the rules (3, 4) is their invari-
ance under the exchange of e and m. Indeed, there exists
a self-equivalence of the corresponding modular tensor
category that exchanges e and m [13]. It is then con-
ceivable a construction as that in Fig. 1(d), where there
is a line in the system across which e and m charges are
exchanged. The rest of this paper is devoted to explicitly
realize this in a spin model and explore its consequences.

Toric code model— This is a spin-1/2 Hamiltonian
model, with spins forming a square lattice. The inter-
actions are four-body, with each plaquette in the lattice
contributing a Pauli product term to the Hamiltonian:

H := −
∑

k

Ak, Ak := σx
kσz

k+iσ
x
k+i+jσ

z
k+j. (5)

Here k = (i, j) indexes the spins and i := (1, 0), j :=
(0, 1). We have chosen a uniform coupling J = 1; taking
instead a different non-zero coupling for each term would
not change the physics that interest us. The Hamilto-
nian (5) might be hard to engineer, but it can be ob-
tained effectively from a two-body spin-1/2 model [8] for
which there exist experimental proposals [12]. The toric
code model was originally introduced by Kitaev [2], but
the more symmetric form (5) is due to Wen [9]. This
symmetry was further studied in [26].

The ground subspace of (5) is described by the con-
ditions Ak = 1. Excitations are localized and gapped:
a plaquette k is excited if Ak = −1, in which case we
say that it holds a quasiparticle. These quasiparticles are
anyons, described by the quantum double of Z2 (3,4). To
label quasiparticles with their topological charge, we first
have to label plaquettes with two ‘colors’ as in a chess-
board lattice, see Fig. 2(a). Then we can attach a charge
e (charge m) to quasiparticles living at dark (light) pla-
quettes. Notice that the exchange of e and m labels is
trivially a symmetry at the Hamiltonian level, since the
choice of dark/light plaquettes is entirely arbitrary.

String operators— Consider the action of σx
k . It flips

the state of the plaquettes k−i and k−j, either hopping a
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Particle statistics are particularly rich in two spatial di-
mensions, where beyond the usual fermions and bosons
there exist more generally anyons (see [? ] for a com-
pilation of the basic references). Anyonic statistics are
complex enough to give rise to the notion of topological
quantum computation (TQC) [? ? ? ], where compu-
tations are carried out by braiding and fusing anyons,
see Fig. ??(a-c). The nonlocal encoding of quantum in-
formation on fusion channels and the topological nature
of braiding makes TQC naturally robust against local
perturbations, providing a complement to fault-tolerant
quantum computation [? ? ].
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In condensed matter, anyons emerge as excitations in
systems that exhibit topological order [? ]. A possible
way to obtain these exotic phases is by engineering suit-
able Hamiltonians on lattice spin systems [? ? ? ? ?
]. Indeed, implementations on optical lattices have been
proposed [? ]. Unfortunately, the anyon models that ap-
pear in simple models are not computationally powerful.
In this paper we address an strategy to recover compu-
tationally interesting anyon-like behavior from systems
with very simple anyonic statistics.

Our starting point are the symmetries that anyons may
exhibit. Anyon models have three main ingredients: (i)
a set of labels that identify the superselection sectors or
topological charges, (ii) fusion/splitting rules that dictate
the charges of composite systems, and (iii) braiding rules
that dictate the effect of particle exchanges. A symme-
try is a label permutation that leaves braiding and fusion
rules unchanged —for a recent survey, see [? ]—. Given a
symmetry s, we can imagine cutting the system along an
open curve, as in Fig. ??(d), and then gluing it again “up
to s”. Ideally the location of the cut itself is unphysical,
only its endpoints have a measurable effect. In partic-
ular, transporting an anyon around one end of the line
changes the charge of the anyon according to the action
of s. Our aim is to explore to which extent these topolog-
ical defects, that we call twists for short, can be “treated
as anyons” and used in TQC. Twists are being indepen-
dently studied by Kong and Kitaev [? ]. An interesting
precedent are the Alice strings appearing in some gauge
models [? ], which can cause charge conjugation under
monodromy, whereas the twists that we will discuss here
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]. Indeed, implementations on optical lattices have been
proposed [? ]. Unfortunately, the anyon models that ap-
pear in simple models are not computationally powerful.
In this paper we address an strategy to recover compu-
tationally interesting anyon-like behavior from systems
with very simple anyonic statistics.

Our starting point are the symmetries that anyons may
exhibit. Anyon models have three main ingredients: (i)
a set of labels that identify the superselection sectors or
topological charges, (ii) fusion/splitting rules that dictate
the charges of composite systems, and (iii) braiding rules
that dictate the effect of particle exchanges. A symme-
try is a label permutation that leaves braiding and fusion
rules unchanged —for a recent survey, see [? ]—. Given a
symmetry s, we can imagine cutting the system along an
open curve, as in Fig. ??(d), and then gluing it again “up
to s”. Ideally the location of the cut itself is unphysical,
only its endpoints have a measurable effect. In partic-
ular, transporting an anyon around one end of the line
changes the charge of the anyon according to the action
of s. Our aim is to explore to which extent these topolog-
ical defects, that we call twists for short, can be “treated
as anyons” and used in TQC. Twists are being indepen-
dently studied by Kong and Kitaev [? ]. An interesting
precedent are the Alice strings appearing in some gauge
models [? ], which can cause charge conjugation under
monodromy, whereas the twists that we will discuss here
exchange electric and magnetic charges.

Rather than trying a general, abstract approach, we
will focus on a well-known spin model, the toric code
model, and address twists constructively. In this model
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Ising anyons fusion rules take the form

σ × σ = 1 + ψ, σ × ψ = σ, ψ × ψ = 1. (1)

That is, a pair of σ-s may fuse into the vacuum or produce
a ψ, a σ and a ψ always fuse into σ and two ψ-s into the
vacuum. Fusion rules are commutative and 1 × a = a.

When two σ anyons are far apart, their total charge,
which might be 1 or ψ, becomes a non-local degree of
freedom. This is indeed an example of a topologically
protected qubit, since there are two possible global states.
We can measure this qubit in the charge basis by fusing
the two σ-s and checking the output. In general for any
set of anyons with given charges there is a fusion space
that describes the non-local degrees of freedom related to
fusion outcomes. For example, for 2n σ-s with indefinite
total charge the fusion space has dimension 2n.

Braiding operations as those in Fig. 1(a,b) act on the
fusion space in a topologically protected way. This action
is in general described by braiding rules, but in the case
of Ising anyons it is possible to characterize braiding with
Majorana operators. In particular, for 2n σ-s we need 2n
majorana operators ci. These are self-adjoint operators
that satisfy cjck +ckcj = 2δjk and act on C2
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, as needed.
The total charge of the j-th and j + 1-th anyon is given
by the operator −icjcj+1, the eigenvalues +1 and −1
corresponding to the total charge 1 and ψ, respectively.
Under the braiding of Fig. 1(a) the operators evolve as
follows:

cj → cj+1, cj+1 → −cj , ck → ck, (2)

where j $= k $= j + 1. This describes braiding up to
process dependent phases that we will not need.

The quantum gates obtained from the braiding of σ
anyons are not universal. Indeed, they are Clifford gates.
Yet, they can be complemented with physically plausi-
ble, topologically unprotected, noisy operations to get
universal quantum computation [17].

Symmetries— We will now illustrate the notion of a
symmetry in an anyon model with the model technically
known as the quantum double of the group Z2. It has
four charges: 1, e, m and ε. The fusion rules are

e × m = ε, e × ε = m, m × ε = e,

e × e = m × m = ε × ε = 1. (3)

These are abelian fusion rules: the result of a fusion has
always a definite outcome. Thus, the fusion space is triv-
ial and the effect of braiding a charge a with a charge b
as in Fig. 1(a) can be captured in a phase Rab. The Rab

phases have in general no measurable effect, but we can
build the following invariants, in principle measurable:

Ree = Rmm = 1, Rεε = −1,

RemRme = ReεRεe = RmεRεm = −1. (4)

Thus e and m charges are bosons and ε charges fermions.

FIG. 2: A square lattice with spins living at vertices. (a) Pla-
quette operators are products of four Pauli operators. String
operator are products of Pauli operators on their edges. (b)
A dislocation in the geometry of the Hamiltonian produced
by shifting plaquettes. In the pentagon one can introduce the
indicated plaquette operator, which commutes with the rest.

A remarkable property of the rules (3, 4) is their invari-
ance under the exchange of e and m. Indeed, there exists
a self-equivalence of the corresponding modular tensor
category that exchanges e and m [13]. It is then con-
ceivable a construction as that in Fig. 1(d), where there
is a line in the system across which e and m charges are
exchanged. The rest of this paper is devoted to explicitly
realize this in a spin model and explore its consequences.

Toric code model— This is a spin-1/2 Hamiltonian
model, with spins forming a square lattice. The inter-
actions are four-body, with each plaquette in the lattice
contributing a Pauli product term to the Hamiltonian:

H := −
∑

k

Ak, Ak := σx
kσz
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k+i+jσ
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k+j. (5)

Here k = (i, j) indexes the spins and i := (1, 0), j :=
(0, 1). We have chosen a uniform coupling J = 1; taking
instead a different non-zero coupling for each term would
not change the physics that interest us. The Hamilto-
nian (5) might be hard to engineer, but it can be ob-
tained effectively from a two-body spin-1/2 model [8] for
which there exist experimental proposals [12]. The toric
code model was originally introduced by Kitaev [2], but
the more symmetric form (5) is due to Wen [9]. This
symmetry was further studied in [26].

The ground subspace of (5) is described by the con-
ditions Ak = 1. Excitations are localized and gapped:
a plaquette k is excited if Ak = −1, in which case we
say that it holds a quasiparticle. These quasiparticles are
anyons, described by the quantum double of Z2 (3,4). To
label quasiparticles with their topological charge, we first
have to label plaquettes with two ‘colors’ as in a chess-
board lattice, see Fig. 2(a). Then we can attach a charge
e (charge m) to quasiparticles living at dark (light) pla-
quettes. Notice that the exchange of e and m labels is
trivially a symmetry at the Hamiltonian level, since the
choice of dark/light plaquettes is entirely arbitrary.

String operators— Consider the action of σx
k . It flips

the state of the plaquettes k−i and k−j, either hopping a

2

Ising anyons fusion rules take the form

σ × σ = 1 + ψ, σ × ψ = σ, ψ × ψ = 1. (1)

That is, a pair of σ-s may fuse into the vacuum or produce
a ψ, a σ and a ψ always fuse into σ and two ψ-s into the
vacuum. Fusion rules are commutative and 1 × a = a.

When two σ anyons are far apart, their total charge,
which might be 1 or ψ, becomes a non-local degree of
freedom. This is indeed an example of a topologically
protected qubit, since there are two possible global states.
We can measure this qubit in the charge basis by fusing
the two σ-s and checking the output. In general for any
set of anyons with given charges there is a fusion space
that describes the non-local degrees of freedom related to
fusion outcomes. For example, for 2n σ-s with indefinite
total charge the fusion space has dimension 2n.

Braiding operations as those in Fig. 1(a,b) act on the
fusion space in a topologically protected way. This action
is in general described by braiding rules, but in the case
of Ising anyons it is possible to characterize braiding with
Majorana operators. In particular, for 2n σ-s we need 2n
majorana operators ci. These are self-adjoint operators
that satisfy cjck +ckcj = 2δjk and act on C2

n

, as needed.
The total charge of the j-th and j + 1-th anyon is given
by the operator −icjcj+1, the eigenvalues +1 and −1
corresponding to the total charge 1 and ψ, respectively.
Under the braiding of Fig. 1(a) the operators evolve as
follows:

cj → cj+1, cj+1 → −cj , ck → ck, (2)

where j $= k $= j + 1. This describes braiding up to
process dependent phases that we will not need.

The quantum gates obtained from the braiding of σ
anyons are not universal. Indeed, they are Clifford gates.
Yet, they can be complemented with physically plausi-
ble, topologically unprotected, noisy operations to get
universal quantum computation [17].

Symmetries— We will now illustrate the notion of a
symmetry in an anyon model with the model technically
known as the quantum double of the group Z2. It has
four charges: 1, e, m and ε. The fusion rules are

e × m = ε, e × ε = m, m × ε = e,

e × e = m × m = ε × ε = 1. (3)

These are abelian fusion rules: the result of a fusion has
always a definite outcome. Thus, the fusion space is triv-
ial and the effect of braiding a charge a with a charge b
as in Fig. 1(a) can be captured in a phase Rab. The Rab

phases have in general no measurable effect, but we can
build the following invariants, in principle measurable:

Ree = Rmm = 1, Rεε = −1,

RemRme = ReεRεe = RmεRεm = −1. (4)

Thus e and m charges are bosons and ε charges fermions.

FIG. 2: A square lattice with spins living at vertices. (a) Pla-
quette operators are products of four Pauli operators. String
operator are products of Pauli operators on their edges. (b)
A dislocation in the geometry of the Hamiltonian produced
by shifting plaquettes. In the pentagon one can introduce the
indicated plaquette operator, which commutes with the rest.

A remarkable property of the rules (3, 4) is their invari-
ance under the exchange of e and m. Indeed, there exists
a self-equivalence of the corresponding modular tensor
category that exchanges e and m [13]. It is then con-
ceivable a construction as that in Fig. 1(d), where there
is a line in the system across which e and m charges are
exchanged. The rest of this paper is devoted to explicitly
realize this in a spin model and explore its consequences.
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• braiding rules:

• we can describe braiding up to a phase with a 
Majorana operator per σ

• Majorana operators are self-adjoint ci with

• total charge of j-th and j+1-th σ-s:

• braiding:

• not universal, but we can use distillation (Bravyi ’06)
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Particle statistics are particularly rich in two spatial di-
mensions, where beyond the usual fermions and bosons
there exist more generally anyons (see [? ] for a com-
pilation of the basic references). Anyonic statistics are
complex enough to give rise to the notion of topological
quantum computation (TQC) [? ? ? ], where compu-
tations are carried out by braiding and fusing anyons,
see Fig. ??(a-c). The nonlocal encoding of quantum in-
formation on fusion channels and the topological nature
of braiding makes TQC naturally robust against local
perturbations, providing a complement to fault-tolerant
quantum computation [? ? ].

In condensed matter, anyons emerge as excitations in
systems that exhibit topological order [? ]. A possible
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way to obtain these exotic phases is by engineering suit-
able Hamiltonians on lattice spin systems [? ? ? ? ?

]. Indeed, implementations on optical lattices have been
proposed [? ]. Unfortunately, the anyon models that ap-
pear in simple models are not computationally powerful.
In this paper we address an strategy to recover compu-
tationally interesting anyon-like behavior from systems
with very simple anyonic statistics.

Our starting point are the symmetries that anyons may
exhibit. Anyon models have three main ingredients: (i)
a set of labels that identify the superselection sectors or
topological charges, (ii) fusion/splitting rules that dictate

• anyon symmetry: charge permutation producing an 
equivalent anyon model

• imagine ‘cutting’ the anyons’ 2D world and gluing it again 
up to a symmetry
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able Hamiltonians on lattice spin systems [? ? ? ? ?

]. Indeed, implementations on optical lattices have been
proposed [? ]. Unfortunately, the anyon models that ap-
pear in simple models are not computationally powerful.
In this paper we address an strategy to recover compu-
tationally interesting anyon-like behavior from systems
with very simple anyonic statistics.

Our starting point are the symmetries that anyons may
exhibit. Anyon models have three main ingredients: (i)
a set of labels that identify the superselection sectors or
topological charges, (ii) fusion/splitting rules that dictate
the charges of composite systems, and (iii) braiding rules
that dictate the effect of particle exchanges. A symme-
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able Hamiltonians on lattice spin systems [? ? ? ? ?

]. Indeed, implementations on optical lattices have been
proposed [? ]. Unfortunately, the anyon models that ap-
pear in simple models are not computationally powerful.
In this paper we address an strategy to recover compu-
tationally interesting anyon-like behavior from systems
with very simple anyonic statistics.
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• endpoints are meaningful: under monodromy they 
permute charges → twists
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way to obtain these exotic phases is by engineering suit-
able Hamiltonians on lattice spin systems [? ? ? ? ?

]. Indeed, implementations on optical lattices have been
proposed [? ]. Unfortunately, the anyon models that ap-
pear in simple models are not computationally powerful.
In this paper we address an strategy to recover compu-
tationally interesting anyon-like behavior from systems
with very simple anyonic statistics.

Our starting point are the symmetries that anyons may
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see Fig. ??(a-c). The nonlocal encoding of quantum in-
formation on fusion channels and the topological nature
of braiding makes TQC naturally robust against local
perturbations, providing a complement to fault-tolerant
quantum computation [? ? ].

In condensed matter, anyons emerge as excitations in
systems that exhibit topological order [? ]. A possible
way to obtain these exotic phases is by engineering suit-
able Hamiltonians on lattice spin systems [? ? ? ? ?
]. Indeed, implementations on optical lattices have been
proposed [? ]. Unfortunately, the anyon models that ap-
pear in simple models are not computationally powerful.
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Particle statistics are particularly rich in two spatial di-
mensions, where beyond the usual fermions and bosons
there exist more generally anyons (see [? ] for a com-
pilation of the basic references). Anyonic statistics are
complex enough to give rise to the notion of topological
quantum computation (TQC) [? ? ? ], where compu-
tations are carried out by braiding and fusing anyons,
see Fig. ??(a-c). The nonlocal encoding of quantum in-
formation on fusion channels and the topological nature
of braiding makes TQC naturally robust against local
perturbations, providing a complement to fault-tolerant
quantum computation [? ? ].

In condensed matter, anyons emerge as excitations in
systems that exhibit topological order [? ]. A possible
way to obtain these exotic phases is by engineering suit-
able Hamiltonians on lattice spin systems [? ? ? ? ?

]. Indeed, implementations on optical lattices have been
proposed [? ]. Unfortunately, the anyon models that ap-
pear in simple models are not computationally powerful.
In this paper we address an strategy to recover compu-
tationally interesting anyon-like behavior from systems
with very simple anyonic statistics.

Our starting point are the symmetries that anyons may
exhibit. Anyon models have three main ingredients: (i)
a set of labels that identify the superselection sectors or
topological charges, (ii) fusion/splitting rules that dictate
the charges of composite systems, and (iii) braiding rules
that dictate the effect of particle exchanges. A symme-
try is a label permutation that leaves braiding and fusion
rules unchanged —for a recent survey, see [? ]—. Given a
symmetry s, we can imagine cutting the system along an
open curve, as in Fig. ??(d), and then gluing it again “up
to s”. Ideally the location of the cut itself is unphysical,
only its endpoints have a measurable effect. In partic-
ular, transporting an anyon around one end of the line
changes the charge of the anyon according to the action
of s. Our aim is to explore to which extent these topolog-
ical defects, that we call twists for short, can be “treated
as anyons” and used in TQC. Twists are being indepen-
dently studied by Kong and Kitaev [? ]. An interesting
precedent are the Alice strings appearing in some gauge
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twists

• toric code (Kitaev ’97, Wen ‘03): 

• qubits form a square lattice

• 4-local check operators at plaquettes

• Hamiltonian version:

• excitations live at plaquettes
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there exist more generally anyons (see [? ] for a com-
pilation of the basic references). Anyonic statistics are
complex enough to give rise to the notion of topological
quantum computation (TQC) [? ? ? ], where compu-
tations are carried out by braiding and fusing anyons,
see Fig. ??(a-c). The nonlocal encoding of quantum in-
formation on fusion channels and the topological nature
of braiding makes TQC naturally robust against local
perturbations, providing a complement to fault-tolerant
quantum computation [? ? ].

In condensed matter, anyons emerge as excitations in
systems that exhibit topological order [? ]. A possible
way to obtain these exotic phases is by engineering suit-
able Hamiltonians on lattice spin systems [? ? ? ? ?

]. Indeed, implementations on optical lattices have been
proposed [? ]. Unfortunately, the anyon models that ap-
pear in simple models are not computationally powerful.
In this paper we address an strategy to recover compu-
tationally interesting anyon-like behavior from systems
with very simple anyonic statistics.

Our starting point are the symmetries that anyons may
exhibit. Anyon models have three main ingredients: (i)
a set of labels that identify the superselection sectors or
topological charges, (ii) fusion/splitting rules that dictate
the charges of composite systems, and (iii) braiding rules
that dictate the effect of particle exchanges. A symme-
try is a label permutation that leaves braiding and fusion
rules unchanged —for a recent survey, see [? ]—. Given a
symmetry s, we can imagine cutting the system along an
open curve, as in Fig. ??(d), and then gluing it again “up
to s”. Ideally the location of the cut itself is unphysical,
only its endpoints have a measurable effect. In partic-
ular, transporting an anyon around one end of the line
changes the charge of the anyon according to the action
of s. Our aim is to explore to which extent these topolog-
ical defects, that we call twists for short, can be “treated
as anyons” and used in TQC. Twists are being indepen-
dently studied by Kong and Kitaev [? ]. An interesting

precedent are the Alice strings appearing in some gauge
models [? ], which can cause charge conjugation under
monodromy, whereas the twists that we will discuss here
exchange electric and magnetic charges.

Rather than trying a general, abstract approach, we
will focus on a well-known spin model, the toric code
model, and address twists constructively. In this model
anyons have no computational power, but we will show
that twists behave as Ising anyons [? ], which are com-
putationally interesting. In fact, they do not directly
allow universal computation, but there exist strategies
to overcome this difficulty [? ? ? ]. In [? ], Wootton
et al. also try to mimic the non-abelian behavior in an
abelian system, using an entirely different approach and
philosophy.

We remark that, although the discussion will mainly
be in terms of topological order, it has direct application
in the closely related context of topological codes [? ? ?
? ].

Anyon models— Anyon models are mathematically
characterized by modular tensor categories, but we will
not need such generalities (for an introduction, see for
example [? ]). Instead, we will illustrate the content of
anyon models with an example: Ising anyons.

The first element of an anyon model is a set of la-
bels that identify the superselection sectors or topological
charges of the model. For Ising anyons there are three:
1, σ and ψ. Any given anyon carries such a charge, which
cannot be changed locally. We can also attach a charge
to a set of anyons or a to a given region. A region without
anyons has trivial charge 1.

Next we need a set of fusion rules that specify the pos-
sible values of the total charge in a composite system. In
terms of anyon processes, fusion rules specify the possible
outcomes of the fusion of two anyons, see Fig. ??(c). For
Ising anyons fusion rules take the form

σ × σ = 1 + ψ, σ × ψ = σ, ψ × ψ = 1. (3)

That is, a pair of σ-s may fuse into the vacuum or produce
a ψ, a σ and a ψ always fuse into σ and two ψ-s into the
vacuum. Fusion rules are commutative and 1× a = a.

When two σ anyons are far apart, their total charge,
which might be 1 or ψ, becomes a non-local degree of
freedom. This is indeed an example of a topologically
protected qubit, since there are two possible global states.
We can measure this qubit in the charge basis by fusing
the two σ-s and checking the output. In general for any
set of anyons with given charges there is a fusion space
that describes the non-local degrees of freedom related to
fusion outcomes. For example, for 2n σ-s with indefinite
total charge the fusion space has dimension 2n.

Braiding operations as those in Fig. ??(a,b) act on the
fusion space in a topologically protected way. This action
is in general described by braiding rules, but in the case
of Ising anyons it is possible to characterize braiding with
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Particle statistics are particularly rich in two spatial di-
mensions, where beyond the usual fermions and bosons
there exist more generally anyons (see [? ] for a com-
pilation of the basic references). Anyonic statistics are
complex enough to give rise to the notion of topological
quantum computation (TQC) [? ? ? ], where compu-
tations are carried out by braiding and fusing anyons,
see Fig. ??(a-c). The nonlocal encoding of quantum in-
formation on fusion channels and the topological nature
of braiding makes TQC naturally robust against local
perturbations, providing a complement to fault-tolerant
quantum computation [? ? ].

In condensed matter, anyons emerge as excitations in
systems that exhibit topological order [? ]. A possible
way to obtain these exotic phases is by engineering suit-
able Hamiltonians on lattice spin systems [? ? ? ? ?

]. Indeed, implementations on optical lattices have been
proposed [? ]. Unfortunately, the anyon models that ap-
pear in simple models are not computationally powerful.
In this paper we address an strategy to recover compu-
tationally interesting anyon-like behavior from systems
with very simple anyonic statistics.

Our starting point are the symmetries that anyons may
exhibit. Anyon models have three main ingredients: (i)
a set of labels that identify the superselection sectors or
topological charges, (ii) fusion/splitting rules that dictate
the charges of composite systems, and (iii) braiding rules
that dictate the effect of particle exchanges. A symme-
try is a label permutation that leaves braiding and fusion
rules unchanged —for a recent survey, see [? ]—. Given a
symmetry s, we can imagine cutting the system along an
open curve, as in Fig. ??(d), and then gluing it again “up
to s”. Ideally the location of the cut itself is unphysical,
only its endpoints have a measurable effect. In partic-
ular, transporting an anyon around one end of the line

changes the charge of the anyon according to the action
of s. Our aim is to explore to which extent these topolog-
ical defects, that we call twists for short, can be “treated
as anyons” and used in TQC. Twists are being indepen-
dently studied by Kong and Kitaev [? ]. An interesting
precedent are the Alice strings appearing in some gauge
models [? ], which can cause charge conjugation under
monodromy, whereas the twists that we will discuss here
exchange electric and magnetic charges.

Rather than trying a general, abstract approach, we
will focus on a well-known spin model, the toric code
model, and address twists constructively. In this model
anyons have no computational power, but we will show
that twists behave as Ising anyons [? ], which are com-
putationally interesting. In fact, they do not directly
allow universal computation, but there exist strategies
to overcome this difficulty [? ? ? ]. In [? ], Wootton
et al. also try to mimic the non-abelian behavior in an
abelian system, using an entirely different approach and
philosophy.

We remark that, although the discussion will mainly
be in terms of topological order, it has direct application
in the closely related context of topological codes [? ? ?
? ].

Anyon models— Anyon models are mathematically
characterized by modular tensor categories, but we will
not need such generalities (for an introduction, see for
example [? ]). Instead, we will illustrate the content of
anyon models with an example: Ising anyons.

The first element of an anyon model is a set of la-
bels that identify the superselection sectors or topological
charges of the model. For Ising anyons there are three:
1, σ and ψ. Any given anyon carries such a charge, which
cannot be changed locally. We can also attach a charge
to a set of anyons or a to a given region. A region without
anyons has trivial charge 1.

Next we need a set of fusion rules that specify the pos-
sible values of the total charge in a composite system. In
terms of anyon processes, fusion rules specify the possible
outcomes of the fusion of two anyons, see Fig. ??(c). For
Ising anyons fusion rules take the form

σ × σ = 1 + ψ, σ × ψ = σ, ψ × ψ = 1. (3)

That is, a pair of σ-s may fuse into the vacuum or produce
a ψ, a σ and a ψ always fuse into σ and two ψ-s into the
vacuum. Fusion rules are commutative and 1× a = a.

When two σ anyons are far apart, their total charge,
which might be 1 or ψ, becomes a non-local degree of
freedom. This is indeed an example of a topologically
protected qubit, since there are two possible global states.
We can measure this qubit in the charge basis by fusing
the two σ-s and checking the output. In general for any
set of anyons with given charges there is a fusion space
that describes the non-local degrees of freedom related to
fusion outcomes. For example, for 2n σ-s with indefinite
total charge the fusion space has dimension 2n.
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twists

• string operators create/destroy excitations at their 
endpoints

• two types of strings/excitations: e (light) and m (dark)
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Particle statistics are particularly rich in two spatial di-
mensions, where beyond the usual fermions and bosons
there exist more generally anyons (see [? ] for a com-
pilation of the basic references). Anyonic statistics are
complex enough to give rise to the notion of topological
quantum computation (TQC) [? ? ? ], where compu-
tations are carried out by braiding and fusing anyons,
see Fig. ??(a-c). The nonlocal encoding of quantum in-
formation on fusion channels and the topological nature
of braiding makes TQC naturally robust against local
perturbations, providing a complement to fault-tolerant
quantum computation [? ? ].

In condensed matter, anyons emerge as excitations in
systems that exhibit topological order [? ]. A possible
way to obtain these exotic phases is by engineering suit-
able Hamiltonians on lattice spin systems [? ? ? ? ?
]. Indeed, implementations on optical lattices have been
proposed [? ]. Unfortunately, the anyon models that ap-
pear in simple models are not computationally powerful.
In this paper we address an strategy to recover compu-
tationally interesting anyon-like behavior from systems
with very simple anyonic statistics.

Our starting point are the symmetries that anyons may
exhibit. Anyon models have three main ingredients: (i)
a set of labels that identify the superselection sectors or
topological charges, (ii) fusion/splitting rules that dictate
the charges of composite systems, and (iii) braiding rules
that dictate the effect of particle exchanges. A symme-
try is a label permutation that leaves braiding and fusion
rules unchanged —for a recent survey, see [? ]—. Given a
symmetry s, we can imagine cutting the system along an
open curve, as in Fig. ??(d), and then gluing it again “up
to s”. Ideally the location of the cut itself is unphysical,
only its endpoints have a measurable effect. In partic-

ular, transporting an anyon around one end of the line
changes the charge of the anyon according to the action
of s. Our aim is to explore to which extent these topolog-
ical defects, that we call twists for short, can be “treated
as anyons” and used in TQC. Twists are being indepen-
dently studied by Kong and Kitaev [? ]. An interesting
precedent are the Alice strings appearing in some gauge
models [? ], which can cause charge conjugation under
monodromy, whereas the twists that we will discuss here
exchange electric and magnetic charges.

Rather than trying a general, abstract approach, we
will focus on a well-known spin model, the toric code
model, and address twists constructively. In this model
anyons have no computational power, but we will show
that twists behave as Ising anyons [? ], which are com-
putationally interesting. In fact, they do not directly
allow universal computation, but there exist strategies
to overcome this difficulty [? ? ? ]. In [? ], Wootton
et al. also try to mimic the non-abelian behavior in an
abelian system, using an entirely different approach and
philosophy.

We remark that, although the discussion will mainly
be in terms of topological order, it has direct application
in the closely related context of topological codes [? ? ?
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Anyon models— Anyon models are mathematically

characterized by modular tensor categories, but we will
not need such generalities (for an introduction, see for
example [? ]). Instead, we will illustrate the content of
anyon models with an example: Ising anyons.

The first element of an anyon model is a set of la-
bels that identify the superselection sectors or topological
charges of the model. For Ising anyons there are three:
1, σ and ψ. Any given anyon carries such a charge, which
cannot be changed locally. We can also attach a charge
to a set of anyons or a to a given region. A region without
anyons has trivial charge 1.

Next we need a set of fusion rules that specify the pos-
sible values of the total charge in a composite system. In
terms of anyon processes, fusion rules specify the possible
outcomes of the fusion of two anyons, see Fig. ??(c). For
Ising anyons fusion rules take the form

σ × σ = 1 + ψ, σ × ψ = σ, ψ × ψ = 1. (3)

That is, a pair of σ-s may fuse into the vacuum or produce
a ψ, a σ and a ψ always fuse into σ and two ψ-s into the
vacuum. Fusion rules are commutative and 1× a = a.

When two σ anyons are far apart, their total charge,
which might be 1 or ψ, becomes a non-local degree of
freedom. This is indeed an example of a topologically
protected qubit, since there are two possible global states.
We can measure this qubit in the charge basis by fusing
the two σ-s and checking the output. In general for any
set of anyons with given charges there is a fusion space
that describes the non-local degrees of freedom related to

2

(a) (b)

y

X

X

X

X

X

X

X

Z

Z

Z

Z

Z

Z

Z

Z

Z

there exist more generally anyons (see [? ] for a com-
pilation of the basic references). Anyonic statistics are
complex enough to give rise to the notion of topological
quantum computation (TQC) [? ? ? ], where compu-
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perturbations, providing a complement to fault-tolerant
quantum computation [? ? ].

In condensed matter, anyons emerge as excitations in
systems that exhibit topological order [? ]. A possible
way to obtain these exotic phases is by engineering suit-
able Hamiltonians on lattice spin systems [? ? ? ? ?

]. Indeed, implementations on optical lattices have been
proposed [? ]. Unfortunately, the anyon models that ap-
pear in simple models are not computationally powerful.
In this paper we address an strategy to recover compu-
tationally interesting anyon-like behavior from systems
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that dictate the effect of particle exchanges. A symme-
try is a label permutation that leaves braiding and fusion
rules unchanged —for a recent survey, see [? ]—. Given a
symmetry s, we can imagine cutting the system along an
open curve, as in Fig. ??(d), and then gluing it again “up
to s”. Ideally the location of the cut itself is unphysical,
only its endpoints have a measurable effect. In partic-
ular, transporting an anyon around one end of the line
changes the charge of the anyon according to the action
of s. Our aim is to explore to which extent these topolog-
ical defects, that we call twists for short, can be “treated
as anyons” and used in TQC. Twists are being indepen-
dently studied by Kong and Kitaev [? ]. An interesting

precedent are the Alice strings appearing in some gauge
models [? ], which can cause charge conjugation under
monodromy, whereas the twists that we will discuss here
exchange electric and magnetic charges.

Rather than trying a general, abstract approach, we
will focus on a well-known spin model, the toric code
model, and address twists constructively. In this model
anyons have no computational power, but we will show
that twists behave as Ising anyons [? ], which are com-
putationally interesting. In fact, they do not directly
allow universal computation, but there exist strategies
to overcome this difficulty [? ? ? ]. In [? ], Wootton
et al. also try to mimic the non-abelian behavior in an
abelian system, using an entirely different approach and
philosophy.

We remark that, although the discussion will mainly
be in terms of topological order, it has direct application
in the closely related context of topological codes [? ? ?
? ].

Anyon models— Anyon models are mathematically
characterized by modular tensor categories, but we will
not need such generalities (for an introduction, see for
example [? ]). Instead, we will illustrate the content of
anyon models with an example: Ising anyons.

The first element of an anyon model is a set of la-
bels that identify the superselection sectors or topological
charges of the model. For Ising anyons there are three:
1, σ and ψ. Any given anyon carries such a charge, which
cannot be changed locally. We can also attach a charge
to a set of anyons or a to a given region. A region without
anyons has trivial charge 1.

Next we need a set of fusion rules that specify the pos-
sible values of the total charge in a composite system. In
terms of anyon processes, fusion rules specify the possible
outcomes of the fusion of two anyons, see Fig. ??(c). For
Ising anyons fusion rules take the form

σ × σ = 1 + ψ, σ × ψ = σ, ψ × ψ = 1. (3)

That is, a pair of σ-s may fuse into the vacuum or produce
a ψ, a σ and a ψ always fuse into σ and two ψ-s into the
vacuum. Fusion rules are commutative and 1× a = a.

When two σ anyons are far apart, their total charge,
which might be 1 or ψ, becomes a non-local degree of
freedom. This is indeed an example of a topologically
protected qubit, since there are two possible global states.
We can measure this qubit in the charge basis by fusing
the two σ-s and checking the output. In general for any
set of anyons with given charges there is a fusion space
that describes the non-local degrees of freedom related to
fusion outcomes. For example, for 2n σ-s with indefinite
total charge the fusion space has dimension 2n.

Braiding operations as those in Fig. ??(a,b) act on the
fusion space in a topologically protected way. This action
is in general described by braiding rules, but in the case
of Ising anyons it is possible to characterize braiding with
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complex enough to give rise to the notion of topological
quantum computation (TQC) [? ? ? ], where compu-
tations are carried out by braiding and fusing anyons,
see Fig. ??(a-c). The nonlocal encoding of quantum in-
formation on fusion channels and the topological nature
of braiding makes TQC naturally robust against local
perturbations, providing a complement to fault-tolerant
quantum computation [? ? ].

In condensed matter, anyons emerge as excitations in
systems that exhibit topological order [? ]. A possible
way to obtain these exotic phases is by engineering suit-
able Hamiltonians on lattice spin systems [? ? ? ? ?
]. Indeed, implementations on optical lattices have been
proposed [? ]. Unfortunately, the anyon models that ap-
pear in simple models are not computationally powerful.
In this paper we address an strategy to recover compu-
tationally interesting anyon-like behavior from systems
with very simple anyonic statistics.

Our starting point are the symmetries that anyons may
exhibit. Anyon models have three main ingredients: (i)
a set of labels that identify the superselection sectors or
topological charges, (ii) fusion/splitting rules that dictate
the charges of composite systems, and (iii) braiding rules
that dictate the effect of particle exchanges. A symme-
try is a label permutation that leaves braiding and fusion

rules unchanged —for a recent survey, see [? ]—. Given a
symmetry s, we can imagine cutting the system along an
open curve, as in Fig. ??(d), and then gluing it again “up
to s”. Ideally the location of the cut itself is unphysical,
only its endpoints have a measurable effect. In partic-
ular, transporting an anyon around one end of the line
changes the charge of the anyon according to the action
of s. Our aim is to explore to which extent these topolog-
ical defects, that we call twists for short, can be “treated
as anyons” and used in TQC. Twists are being indepen-
dently studied by Kong and Kitaev [? ]. An interesting
precedent are the Alice strings appearing in some gauge
models [? ], which can cause charge conjugation under
monodromy, whereas the twists that we will discuss here
exchange electric and magnetic charges.

Rather than trying a general, abstract approach, we
will focus on a well-known spin model, the toric code
model, and address twists constructively. In this model
anyons have no computational power, but we will show
that twists behave as Ising anyons [? ], which are com-
putationally interesting. In fact, they do not directly
allow universal computation, but there exist strategies
to overcome this difficulty [? ? ? ]. In [? ], Wootton
et al. also try to mimic the non-abelian behavior in an
abelian system, using an entirely different approach and
philosophy.

We remark that, although the discussion will mainly
be in terms of topological order, it has direct application
in the closely related context of topological codes [? ? ?
? ].

Anyon models— Anyon models are mathematically
characterized by modular tensor categories, but we will
not need such generalities (for an introduction, see for
example [? ]). Instead, we will illustrate the content of
anyon models with an example: Ising anyons.

The first element of an anyon model is a set of la-
bels that identify the superselection sectors or topological
charges of the model. For Ising anyons there are three:
1, σ and ψ. Any given anyon carries such a charge, which
cannot be changed locally. We can also attach a charge
to a set of anyons or a to a given region. A region without
anyons has trivial charge 1.

Next we need a set of fusion rules that specify the pos-
sible values of the total charge in a composite system. In
terms of anyon processes, fusion rules specify the possible
outcomes of the fusion of two anyons, see Fig. ??(c). For
Ising anyons fusion rules take the form

σ × σ = 1 + ψ, σ × ψ = σ, ψ × ψ = 1. (3)

That is, a pair of σ-s may fuse into the vacuum or produce
a ψ, a σ and a ψ always fuse into σ and two ψ-s into the
vacuum. Fusion rules are commutative and 1× a = a.

When two σ anyons are far apart, their total charge,
which might be 1 or ψ, becomes a non-local degree of
freedom. This is indeed an example of a topologically
protected qubit, since there are two possible global states.
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• no twists (or even number) → 4 possible charges 
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mensions, where beyond the usual fermions and bosons
there exist more generally anyons (see [? ] for a com-
pilation of the basic references). Anyonic statistics are
complex enough to give rise to the notion of topological
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twists

• non-abelian fusion rules! 

• we recover Ising rules:
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σ± × σ± = 1 + ε σ± × σ∓ = e + m

σ± × ε =σ± σ± × e = σ± × m = σ∓ (3)

Particle statistics are particularly rich in two spatial di-
mensions, where beyond the usual fermions and bosons
there exist more generally anyons (see [? ] for a com-
pilation of the basic references). Anyonic statistics are
complex enough to give rise to the notion of topological
quantum computation (TQC) [? ? ? ], where compu-
tations are carried out by braiding and fusing anyons,
see Fig. ??(a-c). The nonlocal encoding of quantum in-
formation on fusion channels and the topological nature
of braiding makes TQC naturally robust against local
perturbations, providing a complement to fault-tolerant
quantum computation [? ? ].

In condensed matter, anyons emerge as excitations in
systems that exhibit topological order [? ]. A possible
way to obtain these exotic phases is by engineering suit-
able Hamiltonians on lattice spin systems [? ? ? ? ?

]. Indeed, implementations on optical lattices have been
proposed [? ]. Unfortunately, the anyon models that ap-
pear in simple models are not computationally powerful.
In this paper we address an strategy to recover compu-
tationally interesting anyon-like behavior from systems
with very simple anyonic statistics.
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σ × σ = 1 + ψ σ × ψ = σ ψ × ψ = 1 (4)
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{1, r, g, b}

Γ = {e, ζ+, ζ−, σr, σg, σb}



twists

• all closed string ops can be expressed in terms of a set of 
open string ops → Majorana operators

• braiding is also Ising-like!
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In this paper we address an strategy to recover compu-
tationally interesting anyon-like behavior from systems
with very simple anyonic statistics.

Our starting point are the symmetries that anyons may
exhibit. Anyon models have three main ingredients: (i)
a set of labels that identify the superselection sectors or
topological charges, (ii) fusion/splitting rules that dictate
the charges of composite systems, and (iii) braiding rules
that dictate the effect of particle exchanges. A symme-
try is a label permutation that leaves braiding and fusion
rules unchanged —for a recent survey, see [? ]—. Given a
symmetry s, we can imagine cutting the system along an
open curve, as in Fig. ??(d), and then gluing it again “up
to s”. Ideally the location of the cut itself is unphysical,
only its endpoints have a measurable effect. In partic-
ular, transporting an anyon around one end of the line
changes the charge of the anyon according to the action
of s. Our aim is to explore to which extent these topolog-
ical defects, that we call twists for short, can be “treated
as anyons” and used in TQC. Twists are being indepen-
dently studied by Kong and Kitaev [? ]. An interesting
precedent are the Alice strings appearing in some gauge

(a) (b)

(b) (c)

(a)
s sm

(e)

models [? ], which can cause charge conjugation under
monodromy, whereas the twists that we will discuss here
exchange electric and magnetic charges.

Rather than trying a general, abstract approach, we
will focus on a well-known spin model, the toric code
model, and address twists constructively. In this model
anyons have no computational power, but we will show
that twists behave as Ising anyons [? ], which are com-
putationally interesting. In fact, they do not directly
allow universal computation, but there exist strategies
to overcome this difficulty [? ? ? ]. In [? ], Wootton
et al. also try to mimic the non-abelian behavior in an
abelian system, using an entirely different approach and
philosophy.

We remark that, although the discussion will mainly
be in terms of topological order, it has direct application
in the closely related context of topological codes [? ? ?

? ].
Anyon models— Anyon models are mathematically

characterized by modular tensor categories, but we will
not need such generalities (for an introduction, see for
example [? ]). Instead, we will illustrate the content of
anyon models with an example: Ising anyons.

The first element of an anyon model is a set of la-
bels that identify the superselection sectors or topological
charges of the model. For Ising anyons there are three:
1, σ and ψ. Any given anyon carries such a charge, which
cannot be changed locally. We can also attach a charge
to a set of anyons or a to a given region. A region without
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Particle statistics are particularly rich in two spatial di-
mensions, where beyond the usual fermions and bosons
there exist more generally anyons (see [? ] for a com-
pilation of the basic references). Anyonic statistics are
complex enough to give rise to the notion of topological
quantum computation (TQC) [? ? ? ], where compu-
tations are carried out by braiding and fusing anyons,
see Fig. ??(a-c). The nonlocal encoding of quantum in-
formation on fusion channels and the topological nature
of braiding makes TQC naturally robust against local
perturbations, providing a complement to fault-tolerant
quantum computation [? ? ].

In condensed matter, anyons emerge as excitations in
systems that exhibit topological order [? ]. A possible
way to obtain these exotic phases is by engineering suit-
able Hamiltonians on lattice spin systems [? ? ? ? ?
]. Indeed, implementations on optical lattices have been
proposed [? ]. Unfortunately, the anyon models that ap-
pear in simple models are not computationally powerful.
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In this paper we address an strategy to recover compu-
tationally interesting anyon-like behavior from systems
with very simple anyonic statistics.

Our starting point are the symmetries that anyons may
exhibit. Anyon models have three main ingredients: (i)
a set of labels that identify the superselection sectors or
topological charges, (ii) fusion/splitting rules that dictate
the charges of composite systems, and (iii) braiding rules
that dictate the effect of particle exchanges. A symme-
try is a label permutation that leaves braiding and fusion
rules unchanged —for a recent survey, see [? ]—. Given a
symmetry s, we can imagine cutting the system along an
open curve, as in Fig. ??(d), and then gluing it again “up
to s”. Ideally the location of the cut itself is unphysical,
only its endpoints have a measurable effect. In partic-
ular, transporting an anyon around one end of the line
changes the charge of the anyon according to the action
of s. Our aim is to explore to which extent these topolog-
ical defects, that we call twists for short, can be “treated
as anyons” and used in TQC. Twists are being indepen-
dently studied by Kong and Kitaev [? ]. An interesting
precedent are the Alice strings appearing in some gauge
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models [? ], which can cause charge conjugation under
monodromy, whereas the twists that we will discuss here
exchange electric and magnetic charges.

Rather than trying a general, abstract approach, we
will focus on a well-known spin model, the toric code
model, and address twists constructively. In this model
anyons have no computational power, but we will show
that twists behave as Ising anyons [? ], which are com-
putationally interesting. In fact, they do not directly
allow universal computation, but there exist strategies
to overcome this difficulty [? ? ? ]. In [? ], Wootton
et al. also try to mimic the non-abelian behavior in an
abelian system, using an entirely different approach and
philosophy.

We remark that, although the discussion will mainly
be in terms of topological order, it has direct application
in the closely related context of topological codes [? ? ?

? ].
Anyon models— Anyon models are mathematically

characterized by modular tensor categories, but we will
not need such generalities (for an introduction, see for
example [? ]). Instead, we will illustrate the content of
anyon models with an example: Ising anyons.

The first element of an anyon model is a set of la-
bels that identify the superselection sectors or topological
charges of the model. For Ising anyons there are three:
1, σ and ψ. Any given anyon carries such a charge, which
cannot be changed locally. We can also attach a charge
to a set of anyons or a to a given region. A region without
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Particle statistics are particularly rich in two spatial di-
mensions, where beyond the usual fermions and bosons
there exist more generally anyons (see [? ] for a com-
pilation of the basic references). Anyonic statistics are
complex enough to give rise to the notion of topological
quantum computation (TQC) [? ? ? ], where compu-
tations are carried out by braiding and fusing anyons,
see Fig. ??(a-c). The nonlocal encoding of quantum in-
formation on fusion channels and the topological nature
of braiding makes TQC naturally robust against local
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TSCC

• the original TSCCs come from 3-valent lattices with      
3-colorable faces (red, green, blue)

• string operators have a color

• commutation relations of string ops relates them to an 
anyon model with three nontrivial charges
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FIG. 1: (a) The three-valent lattice Λ, shown dashed, gives
rise to the lattice Λ̄, in solid lines. (b) The correspondence
between single-qubit Pauli operators and shadings. (c) A lat-
tice Λ with three colorable faces, and a string-net γ. (d) The
corresponding lattice Λ̄ and closed shading γ. (e) A twist,
a face with an odd number of links, spoils three-colorability
along the dashed line. A string enclosing it changes its label.

called gauge group, that has S as its center, up to phases
[19]. This splits the code into a logical subsystem, where
G acts trivially, and a gauge subsystem, where ZG , the
centralizer of G in Pn, acts trivially. The quotient ZG/S
naturally provides Pauli operators on logical qubits, be-
cause the corresponding equivalence in ZG , denoted ≡
below, implies an equivalent action on encoded states.

Topological subsystem codes— These stabilizer sub-
system codes were introduced in [4], but here we will
modify then slightly to accommodate the concept of
twist. The starting point is any three-valent [27] lat-
tice Λ on an oriented closed surface. Expanding vertices
into triangles and duplicating the existing links, as in
Fig. 1(a), produces a new lattice Λ̄. We place a qubit
at each vertex of Λ̄, and define G in terms of a set of 2-
local generators, two per qubit. For the marked vertex of
Fig. 1(a) these are Z1Z2 and Y2X3. This generalizes to
other vertices by following the orientation of the lattice.

To characterize ZG it is convenient to represent Pauli
operators graphically. For each vertex of Λ̄, let us ‘shade’
a portion of the neighboring triangles and links in one
of the four ways shown in Fig. 1(b). We relate such a
shading γ to a Pauli operator Pγ :=

⊗

i σi with σi =
1, X, Y, Z as indicated in the figure. We say that γ is
closed if each link and triangle is either entirely shaded
or unshaded, so that Pγ ∈ ZG if and only if γ is closed.

Three-colorability— Suppose that the faces of Λ can
be colored as red (r), green (g) and blue (b) in such a way
that neighboring faces have different color, as in [4, 28],
see Fig. 1(c). Let us give to the set C := {e, r, g, b}
the group structure of Z2 × Z2, with e the unit. Then
closed shadings as the one in Fig. 1(d) are in a one-to-
one correspondence with string-nets [29] as the one in
Fig. 1(c). String-nets are labelings of the links of Λ with
the elements of C such that the product of the labels
of the links meeting at any vertex is trivial. We depict
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FIG. 2: Equivalence rules for string-net operators Pγ in terms
of the corresponding string-nets γ. Crosses mark twists,
squares mark common endpoints, ± signs are unrelated,
c, c′ ∈ {r, g, b} label the strings and c "= c′.

strings only at those links with non-trivial labels, so that
the only possible branching point involves three strings of
different colors. To clarify the correspondence, let γ be a
closed shading. Each link l in Λ gives rise to two parallel
links l1, l2 in Λ̄, which can be labeled with the colors
c1, c2 of their corresponding faces in Λ. The string-net
is obtained by attaching to l the value lγ := lγ1 lγ2 , with
lγi = ci if li is shaded, lγi = e otherwise. In what follows
we identify string-nets and closed shadings.

We will need a generalization of string-nets in which
strings are allowed to go over or under other strings, see
Fig. 2(c-e). Take any string-net γ containing such self-
crossing points. Split the shading γ in any p portions γi

that do not self-cross, ordered in such a way that if i > j
then γi does not go under γj . Then Pγ := Pγr

· · ·Pγ1
, a

definition independent of the γi choice.

Consider now loops, string-nets without branchings.
The boundary of each face f of Λ gives rise to three
such loops γc, one per color c, defining the face operators
P c

f := Pγc . Face operators belong to G and generate
a valid stabilizer group S, as they are subject only to
the global relations

∏

f P c
f = 1 and the local relations

P r
fP g

f P b
f = 1 [4]. This choice for S gives equivalence rules

for loop operators with a clear topological nature, see
Fig. 2(a-e). The rules in Fig. 2(d,e) involving branching
points do not specify the sign [30], but they will suffice.

Twists— Consider again the general case of non-
three-colorable lattices, but restricted to lattices in the
sphere. These can in practice be realized in the plane,
by introducing arbitrary boundaries that only affect er-
ror correction. The three-colorability of Λ is spoiled by
faces with an odd number of links, see Fig. 1(e), which
we call twists, as opposed to regular faces. Since all the
properties of the code will turn out to have a topological
character, we will suppose w.l.o.g. that there are t twists
placed along a line T , see Fig. 3(b), and that the coloring
is such that faces of the same color only meet at this line.

String-nets are still useful if labels are carefully man-
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• fusion rules as in toric code

• braiding of different charges as in toric code

• the difference: three fermionic charges

• any permutation of the colors is a symmetry!

• twists are labeled by the elements of S3
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Anyon models can be symmetric under some permutations of their topological charges. One
can then conceive topological defects that, under monodromy, transform anyons according to a
symmetry. We study the realization of such defects in the toric code model, showing that a process
where defects are braided and fused has the same outcome as if they were Ising anyons. These ideas
can also be applied in the context of topological codes.
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Particle statistics are particularly rich in two spatial di-
mensions, where beyond the usual fermions and bosons
there exist more generally anyons (see [? ] for a com-
pilation of the basic references). Anyonic statistics are
complex enough to give rise to the notion of topological
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quantum computation (TQC) [? ? ? ], where compu-
tations are carried out by braiding and fusing anyons,
see Fig. ??(a-c). The nonlocal encoding of quantum in-
formation on fusion channels and the topological nature
of braiding makes TQC naturally robust against local
perturbations, providing a complement to fault-tolerant
quantum computation [? ? ].

In condensed matter, anyons emerge as excitations in
systems that exhibit topological order [? ]. A possible
way to obtain these exotic phases is by engineering suit-
able Hamiltonians on lattice spin systems [? ? ? ? ?

]. Indeed, implementations on optical lattices have been
proposed [? ]. Unfortunately, the anyon models that ap-
pear in simple models are not computationally powerful.
In this paper we address an strategy to recover compu-
tationally interesting anyon-like behavior from systems
with very simple anyonic statistics.

Our starting point are the symmetries that anyons may
exhibit. Anyon models have three main ingredients: (i)
a set of labels that identify the superselection sectors or
topological charges, (ii) fusion/splitting rules that dictate
the charges of composite systems, and (iii) braiding rules

(a) (b)

(b) (c)

(a)
s sm

(e)

that dictate the effect of particle exchanges. A symme-
try is a label permutation that leaves braiding and fusion
rules unchanged —for a recent survey, see [? ]—. Given a
symmetry s, we can imagine cutting the system along an
open curve, as in Fig. ??(d), and then gluing it again “up
to s”. Ideally the location of the cut itself is unphysical,
only its endpoints have a measurable effect. In partic-
ular, transporting an anyon around one end of the line
changes the charge of the anyon according to the action
of s. Our aim is to explore to which extent these topolog-
ical defects, that we call twists for short, can be “treated
as anyons” and used in TQC. Twists are being indepen-
dently studied by Kong and Kitaev [? ]. An interesting
precedent are the Alice strings appearing in some gauge
models [? ], which can cause charge conjugation under
monodromy, whereas the twists that we will discuss here
exchange electric and magnetic charges.

Rather than trying a general, abstract approach, we
will focus on a well-known spin model, the toric code
model, and address twists constructively. In this model
anyons have no computational power, but we will show
that twists behave as Ising anyons [? ], which are com-
putationally interesting. In fact, they do not directly
allow universal computation, but there exist strategies
to overcome this difficulty [? ? ? ]. In [? ], Wootton
et al. also try to mimic the non-abelian behavior in an
abelian system, using an entirely different approach and
philosophy.

We remark that, although the discussion will mainly
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• faces with an odd number of links brake 3-colorability

• these are twists: two colors are exchanged

• a red twist exchanges green and blue, and so on
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FIG. 1: (a) The three-valent lattice Λ, shown dashed, gives
rise to the lattice Λ̄, in solid lines. (b) The correspondence
between single-qubit Pauli operators and shadings. (c) A lat-
tice Λ with three colorable faces, and a string-net γ. (d) The
corresponding lattice Λ̄ and closed shading γ. (e) A twist,
a face with an odd number of links, spoils three-colorability
along the dashed line. A string enclosing it changes its label.

called gauge group, that has S as its center, up to phases
[19]. This splits the code into a logical subsystem, where
G acts trivially, and a gauge subsystem, where ZG , the
centralizer of G in Pn, acts trivially. The quotient ZG/S
naturally provides Pauli operators on logical qubits, be-
cause the corresponding equivalence in ZG , denoted ≡
below, implies an equivalent action on encoded states.

Topological subsystem codes— These stabilizer sub-
system codes were introduced in [4], but here we will
modify then slightly to accommodate the concept of
twist. The starting point is any three-valent [27] lat-
tice Λ on an oriented closed surface. Expanding vertices
into triangles and duplicating the existing links, as in
Fig. 1(a), produces a new lattice Λ̄. We place a qubit
at each vertex of Λ̄, and define G in terms of a set of 2-
local generators, two per qubit. For the marked vertex of
Fig. 1(a) these are Z1Z2 and Y2X3. This generalizes to
other vertices by following the orientation of the lattice.

To characterize ZG it is convenient to represent Pauli
operators graphically. For each vertex of Λ̄, let us ‘shade’
a portion of the neighboring triangles and links in one
of the four ways shown in Fig. 1(b). We relate such a
shading γ to a Pauli operator Pγ :=

⊗

i σi with σi =
1, X, Y, Z as indicated in the figure. We say that γ is
closed if each link and triangle is either entirely shaded
or unshaded, so that Pγ ∈ ZG if and only if γ is closed.

Three-colorability— Suppose that the faces of Λ can
be colored as red (r), green (g) and blue (b) in such a way
that neighboring faces have different color, as in [4, 28],
see Fig. 1(c). Let us give to the set C := {e, r, g, b}
the group structure of Z2 × Z2, with e the unit. Then
closed shadings as the one in Fig. 1(d) are in a one-to-
one correspondence with string-nets [29] as the one in
Fig. 1(c). String-nets are labelings of the links of Λ with
the elements of C such that the product of the labels
of the links meeting at any vertex is trivial. We depict
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FIG. 2: Equivalence rules for string-net operators Pγ in terms
of the corresponding string-nets γ. Crosses mark twists,
squares mark common endpoints, ± signs are unrelated,
c, c′ ∈ {r, g, b} label the strings and c "= c′.

strings only at those links with non-trivial labels, so that
the only possible branching point involves three strings of
different colors. To clarify the correspondence, let γ be a
closed shading. Each link l in Λ gives rise to two parallel
links l1, l2 in Λ̄, which can be labeled with the colors
c1, c2 of their corresponding faces in Λ. The string-net
is obtained by attaching to l the value lγ := lγ1 lγ2 , with
lγi = ci if li is shaded, lγi = e otherwise. In what follows
we identify string-nets and closed shadings.

We will need a generalization of string-nets in which
strings are allowed to go over or under other strings, see
Fig. 2(c-e). Take any string-net γ containing such self-
crossing points. Split the shading γ in any p portions γi

that do not self-cross, ordered in such a way that if i > j
then γi does not go under γj . Then Pγ := Pγr

· · ·Pγ1
, a

definition independent of the γi choice.

Consider now loops, string-nets without branchings.
The boundary of each face f of Λ gives rise to three
such loops γc, one per color c, defining the face operators
P c

f := Pγc . Face operators belong to G and generate
a valid stabilizer group S, as they are subject only to
the global relations

∏

f P c
f = 1 and the local relations

P r
fP g

f P b
f = 1 [4]. This choice for S gives equivalence rules

for loop operators with a clear topological nature, see
Fig. 2(a-e). The rules in Fig. 2(d,e) involving branching
points do not specify the sign [30], but they will suffice.

Twists— Consider again the general case of non-
three-colorable lattices, but restricted to lattices in the
sphere. These can in practice be realized in the plane,
by introducing arbitrary boundaries that only affect er-
ror correction. The three-colorability of Λ is spoiled by
faces with an odd number of links, see Fig. 1(e), which
we call twists, as opposed to regular faces. Since all the
properties of the code will turn out to have a topological
character, we will suppose w.l.o.g. that there are t twists
placed along a line T , see Fig. 3(b), and that the coloring
is such that faces of the same color only meet at this line.

String-nets are still useful if labels are carefully man-
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• to the i-th twist we attach a string γi...

• ...and get self-adjoint string ops ki,                    
“colored” Majorana ops

3

aged, as now they can change along a string. If a string
encloses a twist, moving counterclockwise along it in-
duces a label permutation. Twists are thus labeled by
the group of symmetries of C, Γ ! S3 . In particular
Γ = {e, ζ+, ζ−, σr, σg, σb}, with ζ+ the cycle (r g b), ζ−
its inverse and σc the transposition with σc(c) = c. A
face f with an odd number of links gives rise to a trans-
position σc, and the face operator P c

f is well defined and
belongs to the center of G.

Ordering twists from left to right, let πi ∈ Γ be the
effect of the i-th twist. Although twists only produce
transpositions, putting them together produces compos-
ite twists with arbitrary labels. Indeed, the combined
effect of the i-th and (i + 1)-th twists is πi ◦ πi+1. Be-
cause we work in a sphere, the net effect of twists must be
trivial, π1◦π2◦· · ·◦πt = e. In particular, t is even because
transpositions are odd permutations. It is convenient to
label twists with colors ci setting σci

:= πi.
Stabilizer and logical Pauli operators— Let S be the

group generated by all face operators. In the presence of
twists there are no global relations between face operators
unless all twists have the same color c. In that case the
relation

∏

f P c
f = 1 survives. It follows that −1 %∈ S and

we choose any stabilizer S′ with S ⊂ S′. We will prove
below that S′ = S, but for the moment we can already
state the equivalences up to S of Fig. 2(f).

Taking away from the lattice the twist faces and the
links lying on T produces a simpliy connected surface,
a disc. Moreover, the remaining faces are all regular so
that [4] any element of ZG is equivalent to a string-net
as the one in Fig. 3(a), with strings living only on T and
the boundaries of twists. Up to the twist face operators,
these string-nets are characterized by the labels di ∈ C of
the strings connecting twists, and thus we label them as
γd1,...,dt−1

T . Then branching rules impose the constraints
di−1di ∈ {e, ci}, for i = 1, . . . , t with d0 := dt := e.

Our next goal is to understand ZG . Consider firstly
the case where all twists have the same color. Set for
concreteness ci = r and let γc

i,j denote a loop enclosing
the twists i to j, 1 ≤ i < j ≤ t, with c its color at some
arbitrary but fixed point. Define the operators

X̂i := Pγb
2i,2i+1

, Ẑi := Pγb
2i+1,t

, i = 1, . . . , k (1)

with k = t/2 − 1. These operators are the logical X and
Z Pauli operators for k logical qubits, as they satisfy the
corresponding commutation rules. Notice that the string-
nets γd1,...,dt−1

T have di = e, r, and that Q := P
γ

d1,...,dt−1
T

commutes with all the operators (1) only if di = e for
all i, giving Q ≡ 1, or if di = r for all i, giving Q ≡
Pγb

1,t
≡ 1. Therefore, ZG/S ! Pk, showing that there

are exactly k encoded qubits and S = S′. Any nontrivial
element of ZG must connect at least two twists and thus
local errors cannot affect encoded qubits, a consequence
of their topological nature [4].
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(e)
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FIG. 3: (a) A string-net γd1,d2,d3
T in a geometry with four

twists. (b) Ten twists lying on the T line, dashed. A loop en-
closing three twists and three open string operators γi. These
have endpoints in three fixed points, one per color. Notice how
γi connects the endpoints with color ζ+(ci) and ζ−(ci) with-
out self-intersecting. (c-e) Twist braiding processes. Time
flows upwards. (c) An elementary braiding of two twists. (d)
Changing the color of an encoded qubit using another twist.
(e) An entangling gate between two encoded qubits if c != c′.

When not all twists have the same label there is a trick
to simplify the analysis. Changing the order in which
the line T visits twists changes their labeling, and there
is always a choice such that ci = r for 1 ≤ i ≤ t′ and
ci = g for t′ < i ≤ t for some even integer t′ —this might
not be obvious yet, but it will be below after the closely
related twist braiding is analyzed—. Since dt = e and
Pγc

1,t′
≡ Pγc

t′+1,t
≡ 1, each block can be treated separately

exactly as above giving k = t/2 − 2.
Colored Majorana operators— Twists can be moved

around with the code deformation technique described in
[13]. This will produce topologically protected gates on
encoded qubits that can be understood most simply by
following the evolution of logical Pauli operators, which
is easier for loops. As a twist moves, a loop γ will be
dragged to a new loop γ′, and Pγ maps to Pγ′ .

To give a convenient description of twist braiding, we
will use a set of open string operators. They do not
belong to ZG , but any product of them that forms a
(generalized) loop does belong to ZG . It is important
that all the strings have the same endpoint geometry, so
that the simple rules in Fig. 2(g) can be applied.

So let us attach an open string γi to the i-th twist as
in Fig. 3(b), and set ki := Pγi

. The self-adjoint operators
ki satisfy k2

i = 1 and, for i < j,

kikj =

{

kjki if ci = ζ+(cj),
−kikj otherwise.

(2)

Since the ki operators on twists of the same color behave
like Majorana operators, we call them colored Majorana
operators. The logical operators (1) can be recovered as

X̂j ≡ −ik2jk2j+1, Ẑj ≡ (−i)
t
2
−jk2j+1k2j+2 · · ·kt. (3)

Braiding the j-th and (j + 1)-th twist as in Fig. 3(c)
changes the color of the twists to c′j = σcj

(cj+1) and
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When not all twists have the same label there is a trick
to simplify the analysis. Changing the order in which
the line T visits twists changes their labeling, and there
is always a choice such that ci = r for 1 ≤ i ≤ t′ and
ci = g for t′ < i ≤ t for some even integer t′ —this might
not be obvious yet, but it will be below after the closely
related twist braiding is analyzed—. Since dt = e and
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≡ 1, each block can be treated separately

exactly as above giving k = t/2 − 2.
Colored Majorana operators— Twists can be moved

around with the code deformation technique described in
[13]. This will produce topologically protected gates on
encoded qubits that can be understood most simply by
following the evolution of logical Pauli operators, which
is easier for loops. As a twist moves, a loop γ will be
dragged to a new loop γ′, and Pγ maps to Pγ′ .

To give a convenient description of twist braiding, we
will use a set of open string operators. They do not
belong to ZG , but any product of them that forms a
(generalized) loop does belong to ZG . It is important
that all the strings have the same endpoint geometry, so
that the simple rules in Fig. 2(g) can be applied.

So let us attach an open string γi to the i-th twist as
in Fig. 3(b), and set ki := Pγi

. The self-adjoint operators
ki satisfy k2

i = 1 and, for i < j,

kikj =

{

kjki if ci = ζ+(cj),
−kikj otherwise.

(2)

Since the ki operators on twists of the same color behave
like Majorana operators, we call them colored Majorana
operators. The logical operators (1) can be recovered as

X̂j ≡ −ik2jk2j+1, Ẑj ≡ (−i)
t
2
−jk2j+1k2j+2 · · ·kt. (3)

Braiding the j-th and (j + 1)-th twist as in Fig. 3(c)
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• braiding changes the color of twists

• transforming as follows the colored Majorana ops                  
(ci is the color of the i-th twist)

4

c′j+1 = cj , and has the effect

kj → kj+1, kj+1 →







−kj if cj = cj+1,
ikjkj+1 if cj = ζ−(cj+1),
−kjkj+1 otherwise.

(4)

Remarkably, the rules for braiding twists of the same
color reduce to the ones appearing in [5], which in turn
allows us to use the results in [31]. From (3) and (4) it
follows that the kj -s suffice to describe ZG/S.

Clifford gates— The transformation rules (4) are rich
enough to reproduce the whole Clifford group [23]. In-
deed, it follows from [31] that all single qubit Clif-
ford gates, initializations and measurements included,
can be realized by encoding each qubit in four subse-
quent twists of the same color, working in the subspace
〈kjkj+1kj+2kj+3〉 = −1 and choosing

X̂ ≡ −ikjkj+1, Ẑ ≡ −ikj+1kj+2. (5)

To show that all Clifford gates can be implemented it
suffices to exhibit the realization of an entangling gate.
The braiding of Fig. 3(e) on a pair of encoded qubits of
different colors produces such an entangling gate:

X̂1 → X̂1, Ẑ1 → X̂2Ẑ1,

X̂2 → X̂2, Ẑ2 → X̂1Ẑ2. (6)

Since the color of the four twists composing a qubit can
be changed anytime by braiding a suitable twist around
them, as in Fig. 3(d), we have the desired result.

Discussion— Topological subsystem codes are opti-
mal in terms of locality. We have shown that they also
achieve the maximum computational capabilities within
topological code deformation, since it is not possible to
go beyond Clifford gates. Moreover, the essence of the
technique used here can be adapted both to color codes
[10] and to Majorana color codes [17]. The case of regular
color codes is particularly nice as no changes in the lat-
tice geometry would be needed by playing with the type
(X , Y or Z) of check operators rather than with color.

It is worth noting that the anyon model that under-
lies topological subsystem codes contains three fermionic
charges, one per color, with semionic mutual statistics.
The symmetry of this anyon model is, indeed, given by
Γ. A remarkable aspect of the corresponding generalized
topological charges, which include the twist labels, is that
their fusion rules are non-commutative, a consequence of
the symmetric group S3 being non-abelian.
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aged, as now they can change along a string. If a string
encloses a twist, moving counterclockwise along it in-
duces a label permutation. Twists are thus labeled by
the group of symmetries of C, Γ ! S3 . In particular
Γ = {e, ζ+, ζ−, σr, σg, σb}, with ζ+ the cycle (r g b), ζ−
its inverse and σc the transposition with σc(c) = c. A
face f with an odd number of links gives rise to a trans-
position σc, and the face operator P c

f is well defined and
belongs to the center of G.

Ordering twists from left to right, let πi ∈ Γ be the
effect of the i-th twist. Although twists only produce
transpositions, putting them together produces compos-
ite twists with arbitrary labels. Indeed, the combined
effect of the i-th and (i + 1)-th twists is πi ◦ πi+1. Be-
cause we work in a sphere, the net effect of twists must be
trivial, π1◦π2◦· · ·◦πt = e. In particular, t is even because
transpositions are odd permutations. It is convenient to
label twists with colors ci setting σci

:= πi.
Stabilizer and logical Pauli operators— Let S be the

group generated by all face operators. In the presence of
twists there are no global relations between face operators
unless all twists have the same color c. In that case the
relation

∏

f P c
f = 1 survives. It follows that −1 %∈ S and

we choose any stabilizer S′ with S ⊂ S′. We will prove
below that S′ = S, but for the moment we can already
state the equivalences up to S of Fig. 2(f).

Taking away from the lattice the twist faces and the
links lying on T produces a simpliy connected surface,
a disc. Moreover, the remaining faces are all regular so
that [4] any element of ZG is equivalent to a string-net
as the one in Fig. 3(a), with strings living only on T and
the boundaries of twists. Up to the twist face operators,
these string-nets are characterized by the labels di ∈ C of
the strings connecting twists, and thus we label them as
γd1,...,dt−1

T . Then branching rules impose the constraints
di−1di ∈ {e, ci}, for i = 1, . . . , t with d0 := dt := e.

Our next goal is to understand ZG . Consider firstly
the case where all twists have the same color. Set for
concreteness ci = r and let γc

i,j denote a loop enclosing
the twists i to j, 1 ≤ i < j ≤ t, with c its color at some
arbitrary but fixed point. Define the operators

X̂i := Pγb
2i,2i+1

, Ẑi := Pγb
2i+1,t

, i = 1, . . . , k (1)

with k = t/2 − 1. These operators are the logical X and
Z Pauli operators for k logical qubits, as they satisfy the
corresponding commutation rules. Notice that the string-
nets γd1,...,dt−1

T have di = e, r, and that Q := P
γ

d1,...,dt−1
T

commutes with all the operators (1) only if di = e for
all i, giving Q ≡ 1, or if di = r for all i, giving Q ≡
Pγb

1,t
≡ 1. Therefore, ZG/S ! Pk, showing that there

are exactly k encoded qubits and S = S′. Any nontrivial
element of ZG must connect at least two twists and thus
local errors cannot affect encoded qubits, a consequence
of their topological nature [4].

(a)

(b)

(c) (d)

(e)

c1 c2 c3 c4

r rr g gg bbbb

r
g

b

γr
1,3 γ5 γ7 γ9

d1 d2 d3

c

c

c

c

c

c

c′

c′

c′c′
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FIG. 3: (a) A string-net γd1,d2,d3
T in a geometry with four

twists. (b) Ten twists lying on the T line, dashed. A loop en-
closing three twists and three open string operators γi. These
have endpoints in three fixed points, one per color. Notice how
γi connects the endpoints with color ζ+(ci) and ζ−(ci) with-
out self-intersecting. (c-e) Twist braiding processes. Time
flows upwards. (c) An elementary braiding of two twists. (d)
Changing the color of an encoded qubit using another twist.
(e) An entangling gate between two encoded qubits if c != c′.

When not all twists have the same label there is a trick
to simplify the analysis. Changing the order in which
the line T visits twists changes their labeling, and there
is always a choice such that ci = r for 1 ≤ i ≤ t′ and
ci = g for t′ < i ≤ t for some even integer t′ —this might
not be obvious yet, but it will be below after the closely
related twist braiding is analyzed—. Since dt = e and
Pγc

1,t′
≡ Pγc

t′+1,t
≡ 1, each block can be treated separately

exactly as above giving k = t/2 − 2.
Colored Majorana operators— Twists can be moved

around with the code deformation technique described in
[13]. This will produce topologically protected gates on
encoded qubits that can be understood most simply by
following the evolution of logical Pauli operators, which
is easier for loops. As a twist moves, a loop γ will be
dragged to a new loop γ′, and Pγ maps to Pγ′ .

To give a convenient description of twist braiding, we
will use a set of open string operators. They do not
belong to ZG , but any product of them that forms a
(generalized) loop does belong to ZG . It is important
that all the strings have the same endpoint geometry, so
that the simple rules in Fig. 2(g) can be applied.

So let us attach an open string γi to the i-th twist as
in Fig. 3(b), and set ki := Pγi

. The self-adjoint operators
ki satisfy k2

i = 1 and, for i < j,

kikj =

{

kjki if ci = ζ+(cj),
−kikj otherwise.

(2)

Since the ki operators on twists of the same color behave
like Majorana operators, we call them colored Majorana
operators. The logical operators (1) can be recovered as

X̂j ≡ −ik2jk2j+1, Ẑj ≡ (−i)
t
2
−jk2j+1k2j+2 · · ·kt. (3)

Braiding the j-th and (j + 1)-th twist as in Fig. 3(c)
changes the color of the twists to c′j = σcj

(cj+1) and
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• for twists of the same color, we are back to Ising anyons 

• encoding: 1 qubit = 4 twists of the same color

• we get all single qubit Clifford gates (Bravyi ’06) 
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1 Introduction

Topological codes where originally introduced with the
goal of obtaining a self-protecting quantum computer [1].
This idea faces important difficulties in low dimensions,
since thermal instabilities are known to occur [2, 3, 4]. On
the other hand, topological codes are local in a natural
way and have very interesting features in the context of
active error correction. For example, they do not only
allow to perform operations transversally [5, 6] but also
through code deformations [2, 7]. Moreover, there exist a
useful connection between error correction in topological
codes and certain classical statistical models [2, 8, 9].

In [10] a new family of topological codes was introduced
by the author, topological subsystem codes, that show all
the characteristic properties of topological codes and at
the same time take profit of those of subsystem codes
[11]. Some of their advantages are:

• The codes are local in a two-dimensional setting.

• The measurements needed for error correction only
involve two neighboring qubits at a time, as in
Bacon-Shor stabilizer subsystem codes.

• Most errors of length up to cn are correctable,
where c is some constant and n the number of phys-
ical qubits.

• Error correction must be done only ‘up to homol-
ogy’, an important simplification that allows the
introduction of specific tools.

These codes, however, also suffer an important disadvan-
tage. They do not admit the introduction of boundaries
in the usual way, which has two main consequences:

• Planar codes cannot be constructed through the
standard methods.

• Although some gates can be implemented through
code deformation, this is unpractical.

∗hbombin@perimeterinstitute.ca

Figure 1: (a) Two twists (crosses) connected by a line
(dotted) across which a anyons become b anyons, time
flows upwards. (b, left) Measuring an encoded qubit in
the X basis by fusing twists, and then initializing it in the
Z basis by creating new twist pairs. (b, right) Performing
a single qubit Clifford gate by braiding twists. (c) A local
portion of the lattice Λ̄ (darker) derived from Λ (lighter).

We show how both issues can be successfully solved
using twists, a tool recently introduced by the author in
[12]. Indeed, it turns out that all clifford gates can be
implemented through code deformation via twist braid-
ing. But code deformation can be performed simply by
changing the geometry of the code as syndrome measure-
ments are performed over time [7]. Therefore, two-local
measurements are not only enough to keep track of er-
rors, but also to implement Clifford gates in a topologi-
cally protected way. Using distillation [14], one can then
recover universal fault-tolerant quantum computing.

2 Anyons and twists

There exist many connections between quantum infor-
mation and condensed matter. One of them is that from
any given two-dimensional topological stabilizer code one
can construct a topologically ordered Hamiltonian model,
in such a way that the code subspace becomes the ground
subspace, and the syndrome maps to excitation con-
figurations [1]. These excitations are anyons, particles
with statistics that go beyond the standard fermions and
bosons.

Twists play with the symmetries that anyons may ex-
hibit. Anyon models have three main ingredients: (i) a
set of labels that identify the superselection sectors or

4

c′j+1 = cj , and has the effect

kj → kj+1, kj+1 →







−kj if cj = cj+1,
ikjkj+1 if cj = ζ−(cj+1),
−kjkj+1 otherwise.

(4)

Remarkably, the rules for braiding twists of the same
color reduce to the ones appearing in [5], which in turn
allows us to use the results in [31]. From (3) and (4) it
follows that the kj -s suffice to describe ZG/S.

Clifford gates— The transformation rules (4) are rich
enough to reproduce the whole Clifford group [23]. In-
deed, it follows from [31] that all single qubit Clif-
ford gates, initializations and measurements included,
can be realized by encoding each qubit in four subse-
quent twists of the same color, working in the subspace
〈kjkj+1kj+2kj+3〉 = −1 and choosing

X̂ ≡ −ikjkj+1, Ẑ ≡ −ikj+1kj+2. (5)

To show that all Clifford gates can be implemented it
suffices to exhibit the realization of an entangling gate.
The braiding of Fig. 3(e) on a pair of encoded qubits of
different colors produces such an entangling gate:

X̂1 → X̂1, Ẑ1 → X̂2Ẑ1,

X̂2 → X̂2, Ẑ2 → X̂1Ẑ2. (6)

Since the color of the four twists composing a qubit can
be changed anytime by braiding a suitable twist around
them, as in Fig. 3(d), we have the desired result.

Discussion— Topological subsystem codes are opti-
mal in terms of locality. We have shown that they also
achieve the maximum computational capabilities within
topological code deformation, since it is not possible to
go beyond Clifford gates. Moreover, the essence of the
technique used here can be adapted both to color codes
[10] and to Majorana color codes [17]. The case of regular
color codes is particularly nice as no changes in the lat-
tice geometry would be needed by playing with the type
(X , Y or Z) of check operators rather than with color.

It is worth noting that the anyon model that under-
lies topological subsystem codes contains three fermionic
charges, one per color, with semionic mutual statistics.
The symmetry of this anyon model is, indeed, given by
Γ. A remarkable aspect of the corresponding generalized
topological charges, which include the twist labels, is that
their fusion rules are non-commutative, a consequence of
the symmetric group S3 being non-abelian.
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c′j+1 = cj , and has the effect

kj → kj+1, kj+1 →







−kj if cj = cj+1,
ikjkj+1 if cj = ζ−(cj+1),
−kjkj+1 otherwise.

(4)

Remarkably, the rules for braiding twists of the same
color reduce to the ones appearing in [5], which in turn
allows us to use the results in [31]. From (3) and (4) it
follows that the kj -s suffice to describe ZG/S.

Clifford gates— The transformation rules (4) are rich
enough to reproduce the whole Clifford group [23]. In-
deed, it follows from [31] that all single qubit Clif-
ford gates, initializations and measurements included,
can be realized by encoding each qubit in four subse-
quent twists of the same color, working in the subspace
〈kjkj+1kj+2kj+3〉 = −1 and choosing

X̂ ≡ −ikjkj+1, Ẑ ≡ −ikj+1kj+2. (5)

To show that all Clifford gates can be implemented it
suffices to exhibit the realization of an entangling gate.
The braiding of Fig. 3(e) on a pair of encoded qubits of
different colors produces such an entangling gate:

X̂1 → X̂1, Ẑ1 → X̂2Ẑ1,

X̂2 → X̂2, Ẑ2 → X̂1Ẑ2. (6)

Since the color of the four twists composing a qubit can
be changed anytime by braiding a suitable twist around
them, as in Fig. 3(d), we have the desired result.

Discussion— Topological subsystem codes are opti-
mal in terms of locality. We have shown that they also
achieve the maximum computational capabilities within
topological code deformation, since it is not possible to
go beyond Clifford gates. Moreover, the essence of the
technique used here can be adapted both to color codes
[10] and to Majorana color codes [17]. The case of regular
color codes is particularly nice as no changes in the lat-
tice geometry would be needed by playing with the type
(X , Y or Z) of check operators rather than with color.

It is worth noting that the anyon model that under-
lies topological subsystem codes contains three fermionic
charges, one per color, with semionic mutual statistics.
The symmetry of this anyon model is, indeed, given by
Γ. A remarkable aspect of the corresponding generalized
topological charges, which include the twist labels, is that
their fusion rules are non-commutative, a consequence of
the symmetric group S3 being non-abelian.
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−kj if cj = cj+1,
ikjkj+1 if cj = ζ−(cj+1),
−kjkj+1 otherwise.

(4)

Remarkably, the rules for braiding twists of the same
color reduce to the ones appearing in [5], which in turn
allows us to use the results in [31]. From (3) and (4) it
follows that the kj -s suffice to describe ZG/S.

Clifford gates— The transformation rules (4) are rich
enough to reproduce the whole Clifford group [23]. In-
deed, it follows from [31] that all single qubit Clif-
ford gates, initializations and measurements included,
can be realized by encoding each qubit in four subse-
quent twists of the same color, working in the subspace
〈kjkj+1kj+2kj+3〉 = −1 and choosing

X̂ ≡ −ikjkj+1, Ẑ ≡ −ikj+1kj+2. (5)

To show that all Clifford gates can be implemented it
suffices to exhibit the realization of an entangling gate.
The braiding of Fig. 3(e) on a pair of encoded qubits of
different colors produces such an entangling gate:

X̂1 → X̂1, Ẑ1 → X̂2Ẑ1,

X̂2 → X̂2, Ẑ2 → X̂1Ẑ2. (6)

Since the color of the four twists composing a qubit can
be changed anytime by braiding a suitable twist around
them, as in Fig. 3(d), we have the desired result.

Discussion— Topological subsystem codes are opti-
mal in terms of locality. We have shown that they also
achieve the maximum computational capabilities within
topological code deformation, since it is not possible to
go beyond Clifford gates. Moreover, the essence of the
technique used here can be adapted both to color codes
[10] and to Majorana color codes [17]. The case of regular
color codes is particularly nice as no changes in the lat-
tice geometry would be needed by playing with the type
(X , Y or Z) of check operators rather than with color.

It is worth noting that the anyon model that under-
lies topological subsystem codes contains three fermionic
charges, one per color, with semionic mutual statistics.
The symmetry of this anyon model is, indeed, given by
Γ. A remarkable aspect of the corresponding generalized
topological charges, which include the twist labels, is that
their fusion rules are non-commutative, a consequence of
the symmetric group S3 being non-abelian.
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TSCC

• to get the whole Clifford group, we only need to 
implement an entangling gate

• but for two groups of twists of different color:

• and we can always flip the 
color of a group:

3

aged, as now they can change along a string. If a string
encloses a twist, moving counterclockwise along it in-
duces a label permutation. Twists are thus labeled by
the group of symmetries of C, Γ ! S3 . In particular
Γ = {e, ζ+, ζ−, σr, σg, σb}, with ζ+ the cycle (r g b), ζ−
its inverse and σc the transposition with σc(c) = c. A
face f with an odd number of links gives rise to a trans-
position σc, and the face operator P c

f is well defined and
belongs to the center of G.

Ordering twists from left to right, let πi ∈ Γ be the
effect of the i-th twist. Although twists only produce
transpositions, putting them together produces compos-
ite twists with arbitrary labels. Indeed, the combined
effect of the i-th and (i + 1)-th twists is πi ◦ πi+1. Be-
cause we work in a sphere, the net effect of twists must be
trivial, π1◦π2◦· · ·◦πt = e. In particular, t is even because
transpositions are odd permutations. It is convenient to
label twists with colors ci setting σci

:= πi.
Stabilizer and logical Pauli operators— Let S be the

group generated by all face operators. In the presence of
twists there are no global relations between face operators
unless all twists have the same color c. In that case the
relation

∏

f P c
f = 1 survives. It follows that −1 %∈ S and

we choose any stabilizer S′ with S ⊂ S′. We will prove
below that S′ = S, but for the moment we can already
state the equivalences up to S of Fig. 2(f).

Taking away from the lattice the twist faces and the
links lying on T produces a simpliy connected surface,
a disc. Moreover, the remaining faces are all regular so
that [4] any element of ZG is equivalent to a string-net
as the one in Fig. 3(a), with strings living only on T and
the boundaries of twists. Up to the twist face operators,
these string-nets are characterized by the labels di ∈ C of
the strings connecting twists, and thus we label them as
γd1,...,dt−1

T . Then branching rules impose the constraints
di−1di ∈ {e, ci}, for i = 1, . . . , t with d0 := dt := e.

Our next goal is to understand ZG . Consider firstly
the case where all twists have the same color. Set for
concreteness ci = r and let γc

i,j denote a loop enclosing
the twists i to j, 1 ≤ i < j ≤ t, with c its color at some
arbitrary but fixed point. Define the operators

X̂i := Pγb
2i,2i+1

, Ẑi := Pγb
2i+1,t

, i = 1, . . . , k (1)

with k = t/2 − 1. These operators are the logical X and
Z Pauli operators for k logical qubits, as they satisfy the
corresponding commutation rules. Notice that the string-
nets γd1,...,dt−1

T have di = e, r, and that Q := P
γ

d1,...,dt−1
T

commutes with all the operators (1) only if di = e for
all i, giving Q ≡ 1, or if di = r for all i, giving Q ≡
Pγb

1,t
≡ 1. Therefore, ZG/S ! Pk, showing that there

are exactly k encoded qubits and S = S′. Any nontrivial
element of ZG must connect at least two twists and thus
local errors cannot affect encoded qubits, a consequence
of their topological nature [4].

(a)

(b)

(c) (d)

(e)
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FIG. 3: (a) A string-net γd1,d2,d3
T in a geometry with four

twists. (b) Ten twists lying on the T line, dashed. A loop en-
closing three twists and three open string operators γi. These
have endpoints in three fixed points, one per color. Notice how
γi connects the endpoints with color ζ+(ci) and ζ−(ci) with-
out self-intersecting. (c-e) Twist braiding processes. Time
flows upwards. (c) An elementary braiding of two twists. (d)
Changing the color of an encoded qubit using another twist.
(e) An entangling gate between two encoded qubits if c != c′.

When not all twists have the same label there is a trick
to simplify the analysis. Changing the order in which
the line T visits twists changes their labeling, and there
is always a choice such that ci = r for 1 ≤ i ≤ t′ and
ci = g for t′ < i ≤ t for some even integer t′ —this might
not be obvious yet, but it will be below after the closely
related twist braiding is analyzed—. Since dt = e and
Pγc

1,t′
≡ Pγc

t′+1,t
≡ 1, each block can be treated separately

exactly as above giving k = t/2 − 2.
Colored Majorana operators— Twists can be moved

around with the code deformation technique described in
[13]. This will produce topologically protected gates on
encoded qubits that can be understood most simply by
following the evolution of logical Pauli operators, which
is easier for loops. As a twist moves, a loop γ will be
dragged to a new loop γ′, and Pγ maps to Pγ′ .

To give a convenient description of twist braiding, we
will use a set of open string operators. They do not
belong to ZG , but any product of them that forms a
(generalized) loop does belong to ZG . It is important
that all the strings have the same endpoint geometry, so
that the simple rules in Fig. 2(g) can be applied.

So let us attach an open string γi to the i-th twist as
in Fig. 3(b), and set ki := Pγi

. The self-adjoint operators
ki satisfy k2

i = 1 and, for i < j,

kikj =

{

kjki if ci = ζ+(cj),
−kikj otherwise.

(2)

Since the ki operators on twists of the same color behave
like Majorana operators, we call them colored Majorana
operators. The logical operators (1) can be recovered as

X̂j ≡ −ik2jk2j+1, Ẑj ≡ (−i)
t
2
−jk2j+1k2j+2 · · ·kt. (3)

Braiding the j-th and (j + 1)-th twist as in Fig. 3(c)
changes the color of the twists to c′j = σcj

(cj+1) and

4

c′j+1 = cj , and has the effect

kj → kj+1, kj+1 →







−kj if cj = cj+1,
ikjkj+1 if cj = ζ−(cj+1),
−kjkj+1 otherwise.

(4)

Remarkably, the rules for braiding twists of the same
color reduce to the ones appearing in [5], which in turn
allows us to use the results in [31]. From (3) and (4) it
follows that the kj -s suffice to describe ZG/S.

Clifford gates— The transformation rules (4) are rich
enough to reproduce the whole Clifford group [23]. In-
deed, it follows from [31] that all single qubit Clif-
ford gates, initializations and measurements included,
can be realized by encoding each qubit in four subse-
quent twists of the same color, working in the subspace
〈kjkj+1kj+2kj+3〉 = −1 and choosing

X̂ ≡ −ikjkj+1, Ẑ ≡ −ikj+1kj+2. (5)

To show that all Clifford gates can be implemented it
suffices to exhibit the realization of an entangling gate.
The braiding of Fig. 3(e) on a pair of encoded qubits of
different colors produces such an entangling gate:

X̂1 → X̂1, Ẑ1 → X̂2Ẑ1,

X̂2 → X̂2, Ẑ2 → X̂1Ẑ2. (6)

Since the color of the four twists composing a qubit can
be changed anytime by braiding a suitable twist around
them, as in Fig. 3(d), we have the desired result.

Discussion— Topological subsystem codes are opti-
mal in terms of locality. We have shown that they also
achieve the maximum computational capabilities within
topological code deformation, since it is not possible to
go beyond Clifford gates. Moreover, the essence of the
technique used here can be adapted both to color codes
[10] and to Majorana color codes [17]. The case of regular
color codes is particularly nice as no changes in the lat-
tice geometry would be needed by playing with the type
(X , Y or Z) of check operators rather than with color.

It is worth noting that the anyon model that under-
lies topological subsystem codes contains three fermionic
charges, one per color, with semionic mutual statistics.
The symmetry of this anyon model is, indeed, given by
Γ. A remarkable aspect of the corresponding generalized
topological charges, which include the twist labels, is that
their fusion rules are non-commutative, a consequence of
the symmetric group S3 being non-abelian.
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c′j+1 = cj , and has the effect

kj → kj+1, kj+1 →







−kj if cj = cj+1,
ikjkj+1 if cj = ζ−(cj+1),
−kjkj+1 otherwise.

(4)

Remarkably, the rules for braiding twists of the same
color reduce to the ones appearing in [5], which in turn
allows us to use the results in [31]. From (3) and (4) it
follows that the kj -s suffice to describe ZG/S.

Clifford gates— The transformation rules (4) are rich
enough to reproduce the whole Clifford group [23]. In-
deed, it follows from [31] that all single qubit Clif-
ford gates, initializations and measurements included,
can be realized by encoding each qubit in four subse-
quent twists of the same color, working in the subspace
〈kjkj+1kj+2kj+3〉 = −1 and choosing

X̂ ≡ −ikjkj+1, Ẑ ≡ −ikj+1kj+2. (5)

To show that all Clifford gates can be implemented it
suffices to exhibit the realization of an entangling gate.
The braiding of Fig. 3(e) on a pair of encoded qubits of
different colors produces such an entangling gate:

X̂1 → X̂1, Ẑ1 → X̂2Ẑ1,

X̂2 → X̂2, Ẑ2 → X̂1Ẑ2. (6)

Since the color of the four twists composing a qubit can
be changed anytime by braiding a suitable twist around
them, as in Fig. 3(d), we have the desired result.

Discussion— Topological subsystem codes are opti-
mal in terms of locality. We have shown that they also
achieve the maximum computational capabilities within
topological code deformation, since it is not possible to
go beyond Clifford gates. Moreover, the essence of the
technique used here can be adapted both to color codes
[10] and to Majorana color codes [17]. The case of regular
color codes is particularly nice as no changes in the lat-
tice geometry would be needed by playing with the type
(X , Y or Z) of check operators rather than with color.

It is worth noting that the anyon model that under-
lies topological subsystem codes contains three fermionic
charges, one per color, with semionic mutual statistics.
The symmetry of this anyon model is, indeed, given by
Γ. A remarkable aspect of the corresponding generalized
topological charges, which include the twist labels, is that
their fusion rules are non-commutative, a consequence of
the symmetric group S3 being non-abelian.
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aged, as now they can change along a string. If a string
encloses a twist, moving counterclockwise along it in-
duces a label permutation. Twists are thus labeled by
the group of symmetries of C, Γ ! S3 . In particular
Γ = {e, ζ+, ζ−, σr, σg, σb}, with ζ+ the cycle (r g b), ζ−
its inverse and σc the transposition with σc(c) = c. A
face f with an odd number of links gives rise to a trans-
position σc, and the face operator P c

f is well defined and
belongs to the center of G.

Ordering twists from left to right, let πi ∈ Γ be the
effect of the i-th twist. Although twists only produce
transpositions, putting them together produces compos-
ite twists with arbitrary labels. Indeed, the combined
effect of the i-th and (i + 1)-th twists is πi ◦ πi+1. Be-
cause we work in a sphere, the net effect of twists must be
trivial, π1◦π2◦· · ·◦πt = e. In particular, t is even because
transpositions are odd permutations. It is convenient to
label twists with colors ci setting σci

:= πi.
Stabilizer and logical Pauli operators— Let S be the

group generated by all face operators. In the presence of
twists there are no global relations between face operators
unless all twists have the same color c. In that case the
relation

∏

f P c
f = 1 survives. It follows that −1 %∈ S and

we choose any stabilizer S′ with S ⊂ S′. We will prove
below that S′ = S, but for the moment we can already
state the equivalences up to S of Fig. 2(f).

Taking away from the lattice the twist faces and the
links lying on T produces a simpliy connected surface,
a disc. Moreover, the remaining faces are all regular so
that [4] any element of ZG is equivalent to a string-net
as the one in Fig. 3(a), with strings living only on T and
the boundaries of twists. Up to the twist face operators,
these string-nets are characterized by the labels di ∈ C of
the strings connecting twists, and thus we label them as
γd1,...,dt−1

T . Then branching rules impose the constraints
di−1di ∈ {e, ci}, for i = 1, . . . , t with d0 := dt := e.

Our next goal is to understand ZG . Consider firstly
the case where all twists have the same color. Set for
concreteness ci = r and let γc

i,j denote a loop enclosing
the twists i to j, 1 ≤ i < j ≤ t, with c its color at some
arbitrary but fixed point. Define the operators

X̂i := Pγb
2i,2i+1

, Ẑi := Pγb
2i+1,t

, i = 1, . . . , k (1)

with k = t/2 − 1. These operators are the logical X and
Z Pauli operators for k logical qubits, as they satisfy the
corresponding commutation rules. Notice that the string-
nets γd1,...,dt−1

T have di = e, r, and that Q := P
γ

d1,...,dt−1
T

commutes with all the operators (1) only if di = e for
all i, giving Q ≡ 1, or if di = r for all i, giving Q ≡
Pγb

1,t
≡ 1. Therefore, ZG/S ! Pk, showing that there

are exactly k encoded qubits and S = S′. Any nontrivial
element of ZG must connect at least two twists and thus
local errors cannot affect encoded qubits, a consequence
of their topological nature [4].
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FIG. 3: (a) A string-net γd1,d2,d3
T in a geometry with four

twists. (b) Ten twists lying on the T line, dashed. A loop en-
closing three twists and three open string operators γi. These
have endpoints in three fixed points, one per color. Notice how
γi connects the endpoints with color ζ+(ci) and ζ−(ci) with-
out self-intersecting. (c-e) Twist braiding processes. Time
flows upwards. (c) An elementary braiding of two twists. (d)
Changing the color of an encoded qubit using another twist.
(e) An entangling gate between two encoded qubits if c != c′.

When not all twists have the same label there is a trick
to simplify the analysis. Changing the order in which
the line T visits twists changes their labeling, and there
is always a choice such that ci = r for 1 ≤ i ≤ t′ and
ci = g for t′ < i ≤ t for some even integer t′ —this might
not be obvious yet, but it will be below after the closely
related twist braiding is analyzed—. Since dt = e and
Pγc

1,t′
≡ Pγc

t′+1,t
≡ 1, each block can be treated separately

exactly as above giving k = t/2 − 2.
Colored Majorana operators— Twists can be moved

around with the code deformation technique described in
[13]. This will produce topologically protected gates on
encoded qubits that can be understood most simply by
following the evolution of logical Pauli operators, which
is easier for loops. As a twist moves, a loop γ will be
dragged to a new loop γ′, and Pγ maps to Pγ′ .

To give a convenient description of twist braiding, we
will use a set of open string operators. They do not
belong to ZG , but any product of them that forms a
(generalized) loop does belong to ZG . It is important
that all the strings have the same endpoint geometry, so
that the simple rules in Fig. 2(g) can be applied.

So let us attach an open string γi to the i-th twist as
in Fig. 3(b), and set ki := Pγi

. The self-adjoint operators
ki satisfy k2

i = 1 and, for i < j,

kikj =

{

kjki if ci = ζ+(cj),
−kikj otherwise.

(2)

Since the ki operators on twists of the same color behave
like Majorana operators, we call them colored Majorana
operators. The logical operators (1) can be recovered as

X̂j ≡ −ik2jk2j+1, Ẑj ≡ (−i)
t
2
−jk2j+1k2j+2 · · ·kt. (3)

Braiding the j-th and (j + 1)-th twist as in Fig. 3(c)
changes the color of the twists to c′j = σcj

(cj+1) and



TSCC

TSCC + twists +
+ code deformation = 

Clifford gates



conclusions & questions

• anyon symmetries allow to introduce twists

• twists make anyon models and topological codes 
computationally more powerful (but how much?)

• toric codes: 

• twists mimic Ising anyons

• topological subsystem color codes: 

• Clifford operations by code deformation

• other/general anyon models?
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