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Communication complexity: withr botnded
MEMOKY.

Viptivatien: What Is the computational
POWET Of qUantum’ computation with'a
Imited number off qubits?




Model A): Quantum communication

complexity
Qubits gi'{,‘ ,
ol

Cost of a protocol: number of qubits sent
Complexity Q(7) : cost of best protocol



Model B): Memory bounded
guantum Circuits

Circuits on 'S
gublits, aceessing
INPUL as eracle
U: unitary op

output gate:
controlled not to
extra qubit

Q: query gate:

I o~ b 1 .~ \

S
qubits

|

Time 7
——




Mogaell €): Communicating guantum
CIFcuIts, bounded memory

Quantlimi eircuit 1 twe parts
Separate Input oracles

Circuit withr ¢° qubit Wires crossing| Uses
communRication &

Work on S qubits

Inputx <«— Alice Bob P

/X

Input y




Conventions

Outputs are sent tor the other circuit

Circuitsimay: “drep: gubits and Use
fresh qubits



AR Example

DISI(x,y)=11iff >._; . X /Y, > 0
Grover-like Pretocol [BEWSS]
Searches for Twith X =Y.=1

Uses O(log n) gubits and O(nYZ log n)
communRication

NG classical protocol s bettier than @)
IKS87] (Independent off space)
O7) with space ©(oeg i) possible

SO AOESHNBRE MEMBREVEFHEIR?



Eunctions

Let £:{0,1}"£{0,1}" o {0,1}

Tihen fj - computes on

0, T R UL

{0 V) for all IF G = pairs of inputs: (Ir

eutputs)
X4 Y1
X, Y,
. Y3
; X |




Eunctions

Examples:
IP(x,y) =©_, . x /Y. (inner product)
DISJ(x,y) =1 iff >._; , XAy >0

DISJ, . Booleanimatrix: product
P, Matrix product' GE(2)
IP. 5 Matrix vector product



Complexity: Notation

Always allow: erroer 1/3

(€:(17) denotes classical communication
With' space;s

QL5 denotes guantum: comnmunication
With space;S



E ]

lAner Product:

Cs(1P;) < O (I rn [ min{S,I} )
Qs(IR; ) > Q(lirin / S)

Cs(IPy 1 )i = O(n*/S)=6(Q5(IP; 1))

Cs(IP; 5 ) = ®(n2/5)=®(Qs(IPn,1))



E ]

More general, i with; discrepancy: beund d
have Q(fi ) > Q[ #di/-S):

Classically: Beame et al. prove; Iower:
PoUNAs; for universall hash flnctions



What about DIS]?

DISjeINtAESS:

Q5(DIST) )< O1( rn2/SY2)
QE(DISIE )< O(RZE/AST2)
QL(DIST) 1)< O(nrs/ SU2)

Even classicall lower bound fior DISH, - unknown?,
probably ®(n° /[ S)



I1.

Inner product medulo; 2



Inner preduct, upper bound

Asume |,r > S
Solve 1P | and iterate I/S ¢ i times

e solve IPSl BD Sends; S BIts off IS
input, Alice computes partial sums for all
S tnction values

lterate ny'S times

Overalllcomplexity /S ¢ 1 ¢ S n/S=I /.
S

Storage S




Inner preduct, upper bound

X5
S rows : -~ S Bits

XS

| S Bit
Compute © _, xU). /vy forall j=1..S %

Compute ©._, ,-xU). /& vy, for all j=1..5

etc.



The lower bound

y
10, 17 2 40, 1730 0,40, 1 l
Meis the ;

g . | Xep—————* (XIY)
commuURICation: matrix:

REctaNgIE: product: set

IR the matrix




ihe discrepancy. bound
disc(i)=mexe | Pi(RVASEN) Er(REAK(0))]
ever rectanglest B (tnirerm distrbution: i)

KA @) > @(EIeg disc([)

RErE QL ([ = O =log(Qise(l)/S)



Application
[Chor et al.] disc(ir)<1/22
Hence: Qs (1P )I>Q(Iin/S)

Matirix: Product over GE(2)rneeds
communication 12/S,
Matrix: Vector Product needs nz/s



IHow: Lo preve It

GIven| circult pair with communication) € and
SpPace S

Slice the cireuit Into segments containing
communication: @}, i dise(T) 72 1,/2°

Intuitively: met enough communication to
COMPULE (*even onee

Shoew! that each slice can make few: outputs,
namely: O(S)
ThenC/d¢S>Q(1r)



Slicing the circuit
Show: <O(S) outputs

Communication C /

p
S qubits

0>
0>




IHow: Lo preve It

I each slice hasi O(S)) eutputs; themns
C/d ¢ O(S) > Ir

FUrthermore can assume; that Sh< o(d))
since; else withr €1 we get €>Q(1rd/S)



The initial information

Suppose a circuit produces some output
with probability p, given some initial state
D on S qubits.

Idea: replace p by the totally mixed state.

Claim: circuit succeeds with probability
pl2>

Reason: every quantum state “sits” in the
totally mixed state with “size” 1/2°



Why that?

Totally mixed state is
M=diag(1/2>,...,1/2°)

For all density matrices p there is a
density matrix o so that
M=1/25p+(1-1/2°)c



Direct Products

Given communicating guantum: Cikreuits
With' communication @

Produce IL outputs withl sUccess! probability,
203 & 1/2°

Show that all such circuits have success
oroeizlefilie's clt rlese b/2%E

henrt=0(S)
Need to show: this only for L<o(d)



Direct Products

i Withraise(i= 125

Select L=const ¢ S = 6(d) and!.<Ix
and| L outputs for iy

Shew! that success propability: of a

guantum protecolfw/ communication d
5 1/220

IHardest: case;: L=l (most dependencies)



Direct Products

Knew. that eachi rectangle; in 50} 1 F2E40) 150
contains 728 1/2° zero-inputs and! 251/2¢
ONe-INputs or has size < 1/2¢

Show! that rectangles: in {£0) 1 FE0) 177" contain
each off L=2 fiunction' valles with' probability.
L2 4292 o < e(d)

Shoew! that each quantumi protoecel with
communication d and correctness 2 2Lrinduces

petter rectangles



A)

Rectangle im 40, L 2E40) 110
What IS/ probability: of [Co = for alli,j
andisomefixed ¢.7

Preduct: off conditional propabilities that
(%, Y5)=C;; given previousHfix,, Vi, )=C,,.



A)

CUrrent Input pair:
Conditions ot INvolving X; O, WhIte
Conditions invelving X; Or V.,

X1 il
X5 \/ Y2
X3 Y3
| L

i

X Y;




A)

Fix allx;, Vi, other tham X, V.
Obtain rectangle R {0, 172 {0, 112
Case 1: R is smaller than 72°

All'such' rectanglesi can have combined

Size V2% at most
(in Uniferm distribution; on 40) 1 }12540), 1577)



A)

Other case: RIS “large”

Further conditions: (¢, Vi, )=C,
(roy coriclitions),

(GG )= (Coltinn Coslelitionis)

Lead tor <2- disjoint subrectangles

Each contains 1/26 1/2°% ZEeroes/Ones
Overall R contains 1/28 2-/2¢ zeroes/ones



A) fin.

IHENEGE

Pron(fi(x, Vi) =G <1/ 2+ 2528 < 1 225/
for all'conditions

Pron(iCa =g idr=lli),

< L2 -l [2d2)F

< 1/2L + 2/24/2



B)

GIVen Is al duantum protocol withr:
outputs;, communication € and SUCCESS
probability, 1/2= +p
Findl a rectangle that: containsi inputs
Wit i,V )=C.. Inf proporition

/2L /28

Prooi: by decompesing pProtoeols into
weighted! rectangles




I1.

DIS|eINtAESS



Disjeintness upper bound
DISI(x,y)=1iff >._, . X A Y, >0

Q:(DIST) )i < Oi(l ni/2 /1S1/2)
Qe(DIST, )< Oz SY2)

Q5(DIST %)< O(nt=s/ Sh2)



Upper bound

Solve DISIe ; With communication
O (S)V2Y and spaceS

[terate Ii/Sk times) communication
O/Sg(nS)VAr="0(rFn"2/S"=)



Protocol for DISIs 4

Alice ias sets x4 ,..., % ; Bob has Set

Alice and' Beb; run ar Grever-like protecol
On z=| % and V.

Eindj 2 z Ay

DeterminerallxawWith 2 %, callfthelr: union

/

7
Set z=7z7 and iterate.



Protoco]

PropblEems: cannoet stere Z explicitly
(size n)

Can stere array ofi INpUts X fior Which
output Is already: computed

Constiruct sUperposition X, |ji from
Oracle andt array.

DUring the pretecel Use the eracle to
Implement eachi Grover iteration



AnalysIS

Assume that |z A | =K, in step. .

Hen ene element infthe Intersectioni can be
found with O(nY= [“K V=) Grover iterations

All'elements can befound: With
O(n"= ¢ K Y2)literations
Iff K < S, then find all with' (1nS)"# at most

If K >S5 then find one element with n= /S92
atimost , at/most S Iterations

Cost always (nS)Y=



Conclusion

IHave analyzed the efifect off a limited number: of
guBbIts on the guantum’ communIcation
complexity.

[ the, discrepancy: bound' IS goed, then guantum
does net seem; to help

Matrix preduct over GE(2): no speedup; by
guantum

[For Beolean” matrix Vector' preduct: given Upper
pound



Open Problems

Lower boundsifor DISJ ., i.e., fior Boolean
matiix preductsi (even openr classically)

Communication-space tradeofis for
decision! preblemss



